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The reduced local energy concept is applied to assess the local accuracy of Hartree-Fock wave functions. The 
method is illustrated by application to all the Clementi and Roetti's wave functions for the helium atom and 
to the first row of the helium isoelectronic series. The use of the reduced local energy as a means for 
improvement of expectation values is discussed. Application to the five term helium wave functions of 
Clementi and Clementi and Roetti is considered. 

I. INTRODUCTION 

The energy associated with a given wave function is 
the well-known criterion for assessing the quality of the 
wave function. Additional conformation of the accuracy 
of the wave function can be gauged by the agreement of 
various computed expectation values with the appropriate 
experimental results. Subsidiary constraints such as 
the virial theorem also serve to test the quality of ap­
prOXimate wave functions. 

The aforementioned criteria test the global accuracy 
of the wave function. While it is possible to assess the 
accuracy of a wave function in different regions of con­
figuration space by computing expectation values of ap­
propriately chosen operators, it is impossible to cir­
cumvent the major limitation of the global test. That 
is, inaccuracies in the wave function in one region of 
configuration space may offset inaccuracies in another 
region of configuration space, with the result that com-

I 

puted expectation values may be fortuitously in close 
agreement with experimental values. 

An alternative to the global accuracy critique is the 
local energy functional approach. The idea has been 
in the literature for a considerable time. 1-3 The Bart­
lett-Frost local energy functional (in pOSition space) 
is given by (for an N electron system) 

(1) 

The local energy approach gives the severest test of the 
local accuracy of the wave function, however, its func­
tional dependence on each configuration space coordinate 
does not lead to a simple means of presentation of the 
local accuracy. Thomas, Javor, and Rothstein4•1i by­
passed the latter problem by introduCing the notion of 
a reduced local energy, defined for a system of N (~ 2) 
electrons by 

E ( ) - f'lt*(rh r 2, ••• , r N)H'lt(r1, r 2, ••• , r N) d'Yl dT2 dT3 ••• dTN 
L r 1 - f'lt*(rh r 2, ••• , rN)'lt(rh r 2, ••• , rN)dYldT2dT3"'dTN 

(2) 

For the exact wave function, E L defined by Eq. (2) is a 
constant for all pOints in configuration space. The re­
duced local energy functional represents a compromise; 
it examines the local accuracy in a less effective manner 
than does the Bartlett-Frost functional, but is a far 
more satisfactory approach for interpreting results: 

II. REDUCED HARTREE-FOCK LOCAL ENERGY 

The Bartlett-Frost and Thomas-Javor-Rothstein 
functionals are particularly relevant for testing ex-

When 'ltHF is the exact Hartree-Fock wave function, it 
can be rigorously shown that E ~F is a constant for all 
points in configuration space. 8 

Equation (3) is likely to have considerable practical 
applications, since accurate Hartree-Fock wave func­
tions are of course much easier to generate than cor-

tremely accurate wave functions. However, the latter 
functional can be generalized to incorporate one ex­
tremely important special case, that is, where 'It in 
Eq. (2) is replaced by the Hartree-Fock wave function. 

It was first recognized by Cohen and Frishberg,8 and 
independently by Nakatsuji7 that a local energy functional 
exists for the Hartree-Fock case. The reduced Har­
tree-Fock local energy functional is defined for an N 
(~ 2) electron system by 

related wave functions for which Eq. (2) serves as a 
necessary accuracy constraint. 

(3) 

The reduced Hartree-Fock local energy functional is 
applied to examine the local accuracy of some standard 
atqmic Hartree-Fock wave functions computed by 
Clementi and Roetti. 9 In this paper we restrict our at-

J. Chern. Phys. 75(2), 15July 1981 0021·9606/81/140809-06$01.00 © 1981 American Institute of Physics 809 

Downloaded 02 Jun 2013 to 150.214.205.30. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



810 King, LeGore, and Kelly: Hartree-Fock wave functions 

tention to several different helium wave functions and 
we also examine the first row of the helium isoelectronic 
series. For the matrix element calculations reported 
in Sec. V, the five-term function for the helium atom 
reported by Ciementi10 has also been examined. Our 
intention has not been to study every available helium 
wave function, but rather, to consider some simple 
though fairly accurate wave functions. Many other 
Hartree-Fock wave functions containing both fewer 
and greater number of expansion terms have been re­
ported, 11,12 and some of these are examined in a further 
investigation. 13 The Clementi wave functions have 
special interest because they are fairly accurate in the 
global sense, have been extensively employed in the 
literature, and have a simple analytic form which is 
convenient to work with. 

The Hartree-Fock orbital is given by 

(4) 

where 

xl(r)=Nlr~l-le-"lryoo(O, cJ» (5) 

and NI is the normalization factor. The coefficients 
CI and orbital exponents al are tabulated by Clementi 
and Roetti. Evaluation of the reduced local energy func­
tional for the many electron atomic case is straight­
forward though somewhat more tedious than the cor­
responding derivation of the expectation value of the 
energy. For the particular case of interest in this 
work, the reduced Hartree-Fock local energy is (atomic 
units are used throughout) 

E~F(r)= -Z +~ICIXI[(al/r)-ta~] 
r ~ICI XI 

- LL CI C~~IN, [Zl;IJ - al aJ - ~ 
I J IJ r 

+ (l;li +;.) e-CIj
,] , (6) 

where l;li = al + a i • In Eq. (6) we have also carried out 
the angular integration over (01) cJ>1)' 

III. ASYMPTOTIC LIMITS 

The behavior of the reduced local energy in the limits 
r- 00 and r - 0 is of particular interest. It is in these 
limits that the approximate Hartree-Fock wave func­
tions tend to be rather poor, especially the limit r-O. 
The latter result should not be too surprising since the 
orbital basis function must satisfy the cusp constraint 
before an accurate reduced local energy as r - 0 can be 
expected. 

For the large r behavior we find 

HF() "" C C N N (Zl;It-ala t ) _1. 2 
E L r = - L..J L..J I iii ,.3 2 am In , 

I i bl i 

(7) 

where amln denotes the smallest orbital exponent in the 
given basis set. It is obvious from Eq. (7) that the 
long-range behavior of E~F (r) does not asymptotically 

approach the correct Hartree-Fock energy for the par­
ticular basis set employed. 

The functional dependence of E ~F on ,,-1 displayed in 
Eq. (6) clearly indicates that for the region close to the 
nucleus, the wave function will very likely be ex­
tremely inaccurate. For the limit r - 0, 

E~F (r =0) = - t ~I CI NI a~ _ L L CIC'fINt 
~ I C I Nil i l; Ii 

X[(Z+1)l;li- a l a j] , (8) 

if 

(9) 

otherwise 

E~F(r=O)-±oo • (10) 

The sign in Eq. (10) being determined by the sign of the 
left-hand side of Eq. (9). Of course, for practical 
computations, Eq. (9) will never be exactly satisfied, 
and so Eq. (10) determines the appropriate behavior in 
the region r-O. This result serves to point out that 
the reduced local energy functional near the nucleus 
represents an extremely severe necessary condition 
that the wave function must be forced to satisfy. 

From the preceding comments it should be recognized 
that Eq. (3) becomes an extremely important test of the 
quality of the wave function, when expectation values of 
operators that weight the region close to the nucleus 
are to be evaluated. For expectation values such as the 
energy, inaccuracies in the wave function in the region 
r- 0 are substantially reduced by the ~ factor from the 
volume element dT. 

IV. REDUCED LOCAL ENERGY PLOTS 

In Fig. 1 the dependence of the reduced local energy 
on r is illustrated for each of the helium Hartree-Fock 
wave functions reported by Clementi and Roetti. The 
true Hartree-Fock wave function should yield a constant 
E ~F, and this is represented in Fig. 1 as the horizontal 
line at - 2. 8617. Not surprisingly, the single zeta 
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FIG. 1. The Hartree-Fock local reduced energy (E1J,F (r)) as a 
function of r for the ground state helium wave functions of Cle­
menti and Roetti (Ref. 9). 
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FIG. 2. E~F (r) as a function of r for the region near the 
nucleus. 

basis function is rather poor over almost the entire 
range of r illustrated in Fig. 1. The double zeta, 
three-term and five-term wave functions are progress­
ively in closer agreement to the local behavior for the 
exact Hartree-Fock wave function. All of the wave 
functions become rather inaccurate close to the nucleus. 

The region close to the nucleus is illustrated in detail 
for the double zeta, three-term and five-term wave 
functions in Fig. 2. In each case, the deviation from 
the true Hartree-Fock result is extremely large, in­
dicating that for the radial distances shown in Fig. 2, 
the wave functions are of extremely poor quality (in the 
local sense). From Fig. 2 it is observed that the three­
term Clementi-Roetti wave function appears to be some­
what worse than the double zeta wave function. This 
result can probably be attributed to the fact that either 
one or more of the coefficients or orbital exponents (or 
perhaps both) reported by Clementi and Roetti must have 
a typographical error, since there is a small error of 
approximately O. 6% in the normalization integral. Small 
errors in C. or a. are likely to have pronounced effects 
on the accuracy of the wave function close to the nucleus. 

Difficulties aSSOCiated with producing wave functions 
which are accurate near the nucleus and which give 
accurate expectation values of molecular properties 
sensitive to the near nucleus region are well known. 
The necessary conditions for selecting basis sets which 
satisfy the cusp constraints have been discussed in the 
literature. 14,15 More flexible expansions which satisfy 
the cusp constraint have also been discussed. 16 The 
wave functions reported by Clementi do not satisfy the 
cusp constraint, so it is not surprising to find significant 
local inaccuracies for E ~F (r) as r - O. 

It should be emphaSized, that an orbital function de­
veloped to satisfy the cusp constraint, in the present 
work given by Eq. (9), will not necessarily give an 
extremely close approximation to the exact reduced 
local energy as r- O. That is, Eq. (8) is not guaranteed 
to yield a close approximation to E HF because Eq. (9) 
is satisfied. Although clearly, it is highly desirable 
to satisfy Eq. (9) if an accurate E~F (r) is to be ob­
tained. We have examined the Roothaan-Sachs-Weiss 
helium wave function, which does obey the cusp con-

straint fairly closely, and found the reduced local en­
ergy only slightly improved over the results obtained 
for the Clementi-Roetti function. This means that 
while the cusp constraint on th~ orbital function is cer­
tainly a necessary condition to have an accurate re­
duced local energy, it is not a sufficient condition. 

In Fig. 3 the various contributions to the reduced 
local energy for the different helium wave functions 
are reported. It is to be noted that there is no con-
stant local energy interpretation for either the kinetic' 
energy or the potential energy. Figure 3 does, however, 
illustrate which contribution is most affected by improve­
ment of the wave function. For the cas,e of helium, 
improvement on the local scale shows up most signi­
ficantly in the "kinetic energy" contribution to the re­
duced local energy. Very minor changes are found in 
the" potential energy" contribution. 

The Hartree-Fock wave functions for the helium 
isoelectronic series reported by Clementi and Roetti 
have also been analyzed and the results are shown in 
Fig. 4. Each E~F (r) exhibits a similar local behavior; 
rather inaccurate near the nUCleus, reasonably accurate 
for a short region, and then each approaches an asymp­
totic value which is somewhat different from the be­
havior for the true Hartree-Fock wave function. The 
asymptotic values for the helium isoelectronic series 
along with the corresponding values for the different 
helium wave functions are tabulated in Table I. Also 
listed are the values of 

L,.C.N.a. -z 
L, .C.a, ' 

the sign of which dictates the behavior of E~F (r) near 
the nucleus. This factor is positive for all the wave 
functions examined except the single zeta, and this 
accounts for the behavior of the reduced local energy 
of the single zeta function near the nucleus as shown 
in Fig. 1. In none of the cases examined is Eq. (9) 
closely satisfied, and hence all the Clementi -Roetti 
wave functions studied are very inaccurate in the near­
nucleus region. Even if this condition was satisfied, 
the values of E~F(r=O) are found to be in very poor 
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FIG. 3. Local behavior of the "kinetic" and "potential" energy 
contributions to the local reduced energy. The contributions 
shown in this plot combine to yield the results of Fig. 1. 
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TABLE I. Asymptotic limits for E~F for various helium wave 
functlons and for the helium isoelectronic series. 

Atom E~F (r=oo) E~F (r=O) e:ICINI0!1-z 
L,IC1N1 

He (single zeta) -3.37500 - 5. 062 50 - O. 313 

He (double zeta) - 3. 000 25 -5.88858 O. 399x 10-2 

He (three-term) -2.99882 -5.93636 0.179x 10-1 

He (five-term) -2.94791 - 5. 87919 O. 431X 10-2 

Li+ -7.44674 -12.13423 0.159X 10-1 

Be+2 -13.82907 - 20. 396 97 0.229xl0-1 

B+3 -22.31973 -30.56656 0.199XI0-1 

C+4 -32.78073 -42.69098 0.155X10-1 

N+5 -45.25949 - 56. 75971 0.106X 10-1 

O~ -59.74070 -72.84675 0.748xl0-2 

F+7 -76.14185 - 91. 087 73 O. 991X 10-2 

Ne+8 -94.64735 -111. 060 86 0.388XI0-2 

agreement with the corresponding values of E HF • 

For the isoelectronic series, there is no completely 
systematic trend for the local accuracy of the wave 
function as the nuclear charge increases. This is il­
lustrated by the results shown in Table II. The error 
in E~F does not simply increase or decrease with in­
creasing nuclear charge, and furthermore, the changes 
from one member of the series to the next depend on the 
particular value in position space being examined. 

V. LOCALLY IMPROVED WAVE FUNCTIONS 

In this section, the question of how the reduced local 
energy can be used as a constraint to improve Hartree­
Fock wave functions is examined. An expanded treat­
ment with detailed applications is in progress. 13 

Standard Hartree-Fock calculations have been carried 
out with the additional Lagrange constraint that the 
quantity D[EHF] defined by 

D:: 1 f [E HF - E~F (r))2 p(r) dr (11) 

is minimized. In Eq. (11), p(r) is the Hartree-Fock 
electronic density, N is the number of electrons and 
EHF is the Hartree-Fock energy. The quantity D satis-

·2.83 

·2.89 

·2.95 
·7.19 

·7.29 

·7.39 
::i ·13.55 

~ ·13.67 

> 
CJ ·13.79 
II: ·21.88 
W 
Z ·22.08 W 
C ·22.28 LII 
(.) ·32.24 
;:) 

iii ·32.48 

II: ... ·32.72 
cc ·44.59 

5 
·44.89 cc 

II: ... ·45.19 
cc 
(.) 

·58.93 

0 ·59.29 ... 
·59.65 
·75.29 

·75.67 

'76.05 
·93.64 

-64.08 

-94.52 

LOCAL REDUCED ENERGIES FOR 
THE HELIUM ISO-ELECTRONIC SERIES 

-2.862 He ----7.236 Li+ -----13.611 Be+2 

·21.988 a+3 ----·32.361 C+4 

"--
-44.738 N+s 

-........... 
·59.111 0+& 

"---
·75.486 F+7 

"---
·93.861 Ne+8 

"---
I I I I I I I I 

1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0 

RADIAL DISTANCE (A.U.) 

FIG. 4. E~F (r) as a function of r for the helium isoelectronic 
series wave functions reported by Clementi and Roetti (Ref. 9). 

fies the following condition: 

D - 0 as E ~F (r) - E HF • (12) 

The idea of using additional constraints to improve the 
wave function is well known. Fraga and Birss have for 
example, considered using expectation values of one 
electron properties as constraints in the standard varia­
tional procedure. 17 This scheme requires preassigned 
values for the matrix elements. The additional con­
straint used in the present study is more flexible in that 
one attempts to minimize E HF subject to the constraint 
that D be a minimum. It should be noted that with the 
additional constraint, the energy does not reach the 
minimum achieved in the unconstrained calculation, 
though the differences are very minor for the cases 

TABLE II. Values of E!J.F (r) at the distances r=O. 5, 1. 0 and 5.0 and associated errors for the helium isoelectronic series wave 
functions of Clementi and Roetti. 

He Li+ Be+2 
B

O

' 
C .. N°' 0" Foj Ne" 

E,!F - 2. 861678 -7.236405 -13.61130 - 21. 98.615 - 32. 36128 - 44. 73617 - 59.11136 -75.48657 -93.86143 

,,=0.5 - 2.852108 -7.236599 -13.61562 - 21. 99063 - 32. 35568 - 44. 72319 - 59.10516 -75.47922 - 93. 89523 

error" 3.34X10·1 - 2. 68x10-' -3.17 XIO·2 - 2. 04 x10·2 1.73X10·2 2.90X10'2 1. 05X10'2 9.74X 10" -3.60X10'2 

r= 1. 0 - 2. 858 589 -7.234354 -13.60545 - 21. 987 27 - 32. 39377 -44.83716 -59.29840 -75.70120 -94.19520 

error 1. 08X10·1 2.83X10·2 4.30X10'2 - 5. 09X10" -1.00X10·1 - 2. 26xIO'1 - 3. 16X 10.1 - 2. 84X 10.1 -3.56XIO·1 

>,=5.0 - 2.901388 -7.356689 -13.74296 - 22. 230 89 -32.69173 -45.16935 - 59. 66450 -76.06610 -94.56824 

error -1. 39 -1. 66 - 9. 67X10'1 -1.11 -1.02 - 9. 68X 10.1 -9.36xIO·1 -7.68X10·1 -7.53X10'1 

"Computed as 100 (EHF _E~F (r)I!EHF. 
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TABLE m. Values of the global accuracy measure D[EHFl and expectation values (w(rt> r2) I rt I w(rh r2» 
for different wave functions. 

Wave function D (rj2) ( ri) ( r~) (rIo) 

Clementi-Roetti five terma 0.663xlO-5 5.996 2.517X101 2. 708x 102 4.350X103 

Refined Clementi-Roetti 0.781 X10-6 5.996 2.522xl01 2. 717x 102 4.373X103 

Clementi five termb 0.721 X 10-7 5.996 2.528X101 2. 744x 102 4. 506x 103 

Refined Clementic 0.642X1o-7 5.996 2.528x101 2.745X102 4.508X103 

Hylleraasd 6.018 2. 614x 101 2. 858X 102 4.677X103 

aWave function from Ref. 9. 
bWave function from Ref. 10. 
"New coefficients are 0.784964,0.202905, 0.368919x10-1, -0.292446xI0-2, 0.327139X10-2, 
E=-2.86167997. 

ctwave function from Refs. 18 and 19. 

studied in this work. In principle the aforementioned 
consideration can be overcome by increasing flexibility 
in the basis set. 

In the present study we restrict our considerations 
to just a couple of wave functions given by Clementi. 9, 10 

Other wave functions reported by Clementi and by 
Roothaan et al. 11 are considered elsewhere. 13 Table 
III lists values of D calculated for the five-term helium 
wave functions of Ciementi10 and Clementi and RoettL 9 

The entries listed as "refined" were calculated by em­
ploying the appropriate Clementi wave functions as 
a first approximation in the modified Hartree-Fock 
calculation with the D constraint. In the present cal­
culations only the expansion coefficients have been re­
calculated. It should not be too surprising to learn 
that the orbital exponents do have an important bearing 
on the local accuracy. Some idea of how much the 
exponents affect D can be obtained from Table III by 
comparing the Clementi and Clementi-Roetti five-term 
functions. We intend to expand our present studies to 
investigate the reoptimization of orbital exponents in the 
D-constrained calculations. Listed in Table III are 
some matrix elements 

(wHF (r1, r2)1~lwHF(rh r2» . 

Also shown for reference are the corresponding values 
obtained from a 20-term correlated Hylleraas func­
tion18 using the density calculation of Benesch. 19 For 
small k values, there are no significant differences 
for the matrix elements USing the different wave func­
tions. This reflects the fact that the Clementi five­
term wave functions are very good for the calculation 
of matrix elements that emphasize the region not too dis­
taht from the nucleus. For larger k values, small im­
provements (as judged against the Hylleraas values) 
were obtained for the Clementi -Roetti function, but 
only very miilor changes were recorded for the Clementi 
function. The function EfF is however, a more sensi­
tive measure of accuracy than the matrix elements, 
since it tests accuracy on a local scale. 

The answer to the question of how large a deviation 
between E ~F (r) and E HF can be accepted and still have 
a reasonable wave function is governed by two principal 
factors. First, it depends how the deviation is mea-

sured. If it is determined by a global measure, as in 
Eq. (11), the error can be either uniformly spread out 
(as a function of r) or peaked in certain locations, and 
similar values of D may result. The possibility also 
exists for partial cancellation of inaccuracies in dif­
ferent regions of configuration space. For the latter 
reason graphical presentation of results is very use­
ful. The second factor concerns which particular ma­
trix elements are of interest. If the expectation value 
to be calculated is sensitive to a particular region of 
configuration space, and the reduced local energ~ is 
very inaccurate in this region, then poor matrix elements 
are likely to be obtained. It must be stressed that the 
functional D[E HF] contains an electronic denSity weight 
function, so the global measure of inaccuracy given by 
D is less sensitive to the region distant from the nucleus. 

A quantitative idea of how some matrix elements are 
affected can be obtained from Table III. The difference 
between the D values for the Clementi-Roetti and 
Clementi five-term functions is approximately a factor 
of 102, and for the matrix elements of rt for large k, 
an observed change of -0.4% to 3% is found. Much 
more dramatic changes have been obtained for less 
accurate wave functions. For example, the Clementi­
Roetti single zeta function for the helium atom has a 
D value approximately 2. 4X 104 larger than the Clementi­
Roetti five-term function, and for the matrix elements 
of rf, there are sizable differences ranging from a 
few percent at small values of k (k = - 2) to approximately 
70% at large k (k = 10). There is not a simple cor­
respondence between the value of D for a particular 
wave function and the accuracy of any given expecta-
tion value computed with the same wave function. This 
is directly connected to the global nature of the accuracy 
measure D. For wave functions with large D values it 
can be expected that expectation values emphaSizing 
some region of configuration space will be poor. Ac­
curacy criteria which are not global in nature, and hence 
likely to give a better indication of errors in given ex­
pectation values, are presently under consideration. 

VI. CONCLUSION 

The results presented in this paper demonstrate con­
clusively the severity of Eq. (3) as a test of the local 
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accuracy of an approximate Hartree-Fock wave func­
tion. Equation (3) represents a necessary condition 
that must be satisfied by the Hartree-Fock wave func­
tion and clearly it is superior to any accuracy test 
based on global behavior. It should be emphasized that 
the reduced local energy does not simply measure in­
accuracies due to poor cusp properties of the orbital 
basis functions, but examines inaccuracies for all 
points of configuration space. For this reason, it is 
a sensitive test of the accuracy of the wave function. 

The analysis of the reduced local energy for an ap­
proximate wave function can serve as a means to im­
prove the wave function in particular regions of con­
figuration space. The minimization of the functional 
D(E] discussed in Sec. V is such a procedure. Further 
work in this direction is currently in progress. 

The important implication of this work is that Eq. 
(3) can be employed to test and improve the local aC­
curacy of the wave function and hence to improve ex­
pectation values of any operator of interest, rather than 
simply relying upon the minimum energy criterion. 
When D is fairly large, (e. g., single zeta function) the 
resulting expectations values of rf for a wide range of k 
were poor. For a large improvement in the quality of 
the wave function (e. g., the Clementi-Roetti five-term 
function), D decreases dramatically and the matrix ele­
ments of the 11 were much improved. Further refine­
ments in the wave function (e. g., the Clementi (1965) 
five-term function), while giving significant improve­
ment in D, gave only minor improvement in the expecta­
tion values. As a final point we note that the reduced 
local energy near the nucleus does reflect how well the 
orbital functions satisfy the cusp conditions. 
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