High precision calculations on the 2S ground state of the lithium atom
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The results of a detailed variational calculation on the %S ground state of the lithium atom are
reported. The wave function was constructed using Hylleraas-type functions with extensive
exponent optimization being employed. The calculated nonrelativistic ground state energy
obtained was — 7.478 059 53 a.u., which is the lowest upper bound estimate for this quantity
obtained to date. The discrepancy with semi-empirical estimates of this quality is discussed.
The hyperfine coupling constant for "Li is calculated to be 401.795 MHz, which compares
favorably with the experimental result of 401.752 043 3 MHz. Expectation values are reported
for the individual energy components, as well as the electron density at the nucleus, and the
specific mass shift operator. The transition isotope shift is also evaluated. The convergence
characteristics of the calculations are discussed, along with the effect of retaining only one of

the two possible spin eigenfunctions in the basis set.

I. INTRODUCTION

The lithium atom has long served as an attractive target
for different computational techniques. This is the simplest
species in which one must deal with core and valence—core
correlation effects. During the past few years a number of
calculations of rather high precision have been carried out
on the %S ground state of the lithium atom.'™'! A good deal of
attention has focused on the theoretical determination of the
hyperfine coupling constant.**"~°

The motivation for the present investigation is twofold.
Recent variational calculations by one of the authors’ on the
ground state of Li, using a large basis set of Hylleraas-type
functions, gave a result for the nonrelativistic ground state
energy of Eyp = — 7.478 059 a.u. The literature estimates
for this quantity are —7.478068 a.u. (Ref. 12)

—7.478 069 a.u. (Ref. 13) — 7.478 073 a.u. (Ref. 14) and
— 7.478 071(5) a.u. (Ref. 15), with an error bound en-
closed in brackets for the latter value. As remarked in Ref. 7,
if any of these estimates of E, are accepted, the apparent
convergence of Ey, in the Hylleraas-type calculation was
rather slow. This did not appear to be realistic, considering
both the size of the basis set (602 terms), and the extensive
selection of basis functions depending explicitly on factors of
the interelectronic separation r; that were employed in the
calculation. The present calculation was undertaken to try
and resolve the apparent discrepancy existing between the
calculated and the semi-empirical literature estimates of
Eyg.

Resolving this issue is of some importance because of its
impact on our understanding of facets of the convergence
characteristics of variational calculations with Hylleraas-
type basis functions. Additionally, a knowledge of Eyi to
high accuracy is necessary for the indirect assessment of cer-
tain fine structure shifts, such as the Lamb shift.

A second goal of the project was to examine the conver-
gence of a couple of different expectation values, with special
emphasis on the Fermi contact interaction. Our previous
calculations with fixed orbital exponents required the pres-
ence of both spin eigenfunctions in the basis set, in order to
yield an accurate hyperfine coupling constant.>’ In the pres-
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ent study the basis set employed includes only a single spin
eigenfunction. This affords the opportunity to examine the
effect of neglecting the second spin eigenfunction on the con-
vergence of a spin dependent property. The idea being tested
is that carefully optimized basis functions will offset the
omission of the second spin eigenfunction.

Il. THEORY

The theoretical approach employed is sketched briefly
below, details can be found elsewhere in the literature.'®'®
The trial wave function employed is

N
¢:A z Cp¢#XM’ (1)
p=1

where A4 is the antisymmetrizer, & is the number of basis
functions, and C,, are the variationally determined expan-
sion coefficients. The basis functions are of the form

¢;z (F1s72r 357235 515712)
by ok n
= rll“r/ZHrS“rgargnl“rlg exp( - a,url - ByrZ - Y;tr3)’ (2)
where the exponents i,,, j,, k.., [, m,, and n, are each>0.
InEq. (1), y,, denotes the doublet spin eigenfunction, which
takes the form

X =a()B2)a3) —B(Ha(2)a(3). (3)
A second spin eigenfunction given by

Xu =2a(D)a(2)B3) — B(Da(2)a(3) —a(1)B(2)a(3)
(4)

is also possible, but this has been excluded from the present
calculations.

The specific mass shift operator (mass polarization con-
tribution) is not included with the standard nonrelativistic
Hamiltonian. Atomic units are employed throughout, ex-
cept for the hyperfine coupling constant and the isotope
shift.

ill. COMPUTATIONAL PROCEDURE

The final size of the basis set and the extremely intensive
CPU requirements prectude a direct optimization of the ex-
ponents for the total wave function. The wave function was
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constructed term by term. Optimization was carried out
only on the orbital exponents of each new term added. This
approach offers both advantages and well-known disadvan-
tages. The principal advantage is that a major block of the
matrix elements are computed once, only those matrix ele-
ments dependent on the last added basis function as the wave
function is built up, are recomputed as the orbital exponents
change. For a wave function with N terms, the fraction of
matrix elements computed only once is (N — 1)/(N + 1),
which becomes increasingly favorable as the basis set ex-
pands. Without this savings, the computation is simply not
feasible. The disadvantage of the approach is that the expo-
nents that have been previously optimized are less than opti-
mal after each additional basis function is included in the
basis set. In principle, the latter drawback can be overcome
by systematically recycling through each term of the basis
set and reoptimizing the exponents until no further energy
lowering is obtained. The aforementioned procedure can be
repeated as many times as necessary to obtain a fully opti-
mized wave function.

One important and obvious factor needs to be kept in
mind. The actual choice of basis functions {ijk /m n} isa
matter of trial and error. Some terms such as {00 1 00 0},
{00100 1}, etc., are fairly obvious selections, but beyond
these, a good deal of trial and error enters. We have been
guided by both the detailed calculations of Larsson'” and by
prior experience with Hylleraas-type variational calcula-
tiOﬂS.5'7’lo'20

In order to avoid any preconceived bias as to the impor-
tance of particular terms, a good selection of basis functions
with explicit dependence on low powers of 7}, have been in-
corporated. Also, several repetitions of key terms, such as
{001000},{00100 1}, etc., were included with different
exponents. This latter possibility is a definite advantage over
a wave function employing the restriction ,, = a, 8, =5,
¥, = v for all u. A minimal number of basis functions with
factors 74, 77, 7, for which /, m, and n are each nonzero were
included in the basis set. These terms add greatly to the com-
putational time, particularly those with /, m, n, each odd,
and based on past experience®’ have rather small impact on
the energy when a large basis set is employed. A large num-
ber of terms were included that describe core and valence-
core interactions.

The first few basis functions were selected after carrying
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out trial calculations with 2-term and 3-term wave func-
tions. Up to term 65 the “optimal” exponents for each added
basis function were determined by a grid search with a grid
size 0f 0.004 or finer. After term 65, a coarser search grid was
employed. At the point where 296 terms had been added,
efforts were made to refine the exponents of the first five
basis functions, one term at a time. The change in the expo-
nents was minor and the improvement in the energy was
negligible, being 34 nhartrees. For this reason it did not ap-
pear warranted to continue this reoptimization phase. The
final table of basis functions and exponents is available.?'
All calculations during the optimization phase were car-
ried out in single precision on a Cray 18, which yields ap-
proximately 14 decimal digits. For the final evaluation of the
matrix elements, the calculations were carried out on a Cray
1S and Cray 1M in double precision (approximately 28 deci-
mal digits). The matrix diagonalizations were carried out on
a Honeywell DPS/49 computer in double precision, which
represents about 18 decimal digits of precision. Two differ-
ent diagonalization algorithms were employed (the EI-
SPACK system and NESBET). The effect of tolerance pa-
rameters in both these algorithms were carefully tested.

IV. RESULTS

The principal results of this study are presented in Ta-
bles I and II. The following shorthand notation for expecta-
tion values is employed:

©0)=(s| 3 o). (5)

0,)=( ) (6)

3 3
2 20
i=1j>i

and ¢ is normalized. The energy components are presented
in Table I along with the scale factor 7, defined in terms of
the potential energy (¥ ') and the kinetic energy (7T") by

— )
= 7
Uj ) N
All expectation values reported in Tables I and II have been
appropriately scaled using the values of # given in Table 1.
The number of digits reported for the entries in Tables I and
I1 is intended to show the convergence pattern, and does not
imply convergence to a particular number of significant fig-

TABLE 1. Expectation values for the energy components and scale factors for the S ground state of the lithium

atom,
Number
of terms (n—=1)X10°  (—4iV}) <:—3> < Energy
¥
10 1008 7.475 964 736 — 17.146 831 782  2.194 902 310 — 7.475964 736
50 108 7.477 935 472 — 17.154 397 259  2.198 526 315 — 7.477 935472
100 31.8 7.478 025 801 — 17.154 268 352 2.198 216 750 — 7.478 025 801
150 5.88 7.478 050 471 —17.154 297 255 2.198 196 314 — 7.478 050471
200 1.96 7.478057 188 —17.154 316 690  2.198 202 314 — 7.478 057 188
242 0.402 7.478 059 008 — 17.154 331 343  2.198 213 327 — 7.478 059 008
275 0.196 7.478 059 447 —17.154 331417 2.198 212 523 — 7.478 059 447
296 0.215 7.478 059 528 — 17.154 330780  2.198 211 724 — 7.478 059 528
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TABLE II. Expectation values for the %S ground state of the lithium atom.

Expectation Value

Number
of terms (&(r)) (V.:v) (4nd(r))o,)
10 1.360 710 10" —3.225663 107" 2.802 774
50 1.380 446 X 10 —3.025238x 10! 3.012214
100 1.383 492 10" —3.019527x10"! 2.878 842
150 1.384 339 10" —3.019053x 107! 2.903 361
200 1.384 142 10’ —3.018485x10~"' 2.896 161
242 1.384 296 % 10! —3.018423x107! 2.899 069
275 1.384 256 < 10' —3.018437x10™" 2.905 763
296 1.384 269 % 10! —3.018436x107! 2.907 051

ures. In Table II we report values for the electron density at
the nucleus

p(0) = (6(r)), (8)
the Fermi contact interaction
f=4m(6(r;)o,), 9)

and the expectation value (V, -V, ), which is proportional to
the specific mass shift. The most convenient manner to
evaluate this latter expectation value is to work in terms of
the coordinate set {;, r, }, which utilizes the inherent sym-
metry of the %5 state. The form for the operator in this coor-
dinate system is discussed elsewhere.?

A. The nonrelativistic energy

The first result of interest is the final value obtained for
E . This is the lowest upper bound estimate of E . report-
ed to date. The present value is less than 1 pzhartree below a
previous 602-term calculation for Li. It is to be noted that the
last 54 basis functions added in the present calculation gave
an energy lowering of ~0.53 phartree. Considering that
each term was optimized, it is very unlikely that the correct
value of E g lies a further 10-14 ghartrees below our final
result. The results of the present calculation are of course not
a proof of this assertion, but merely very suggestive. Based
on the convergence patterns of the energy components, it is
proposed that the published literature estimates of Ey, for
the 2S ground state of Li are in error by ~ 10-14 yhartrees.

A possible criticism of previous calculations of Ey us-
ing fixed exponents is that the more distant region of config-
uration space is not adequately described. For calculations
with fixed exponents, the diffuse orbitals have less than opti-
mal exponents, since the exponents are fixed for orbitals de-
scribing the near-nuclear region. This is not a limitation of
the present calculation. A good number of diffuse basis func-
tions, including those with explicit 7; dependence, are in-
cluded in the basis set. The repetition of certain key terms
that emphasize the near-nuclear region of configuration
space, also minimizes possible problems in the construction
of the basis set for this region.

As is evident from Table I, the individual components
contributing to the energy appear to have converged to
about 1 ghartree (or better). On this point a cautionary note
is in order; the convergence of both (1/7;) and { — 3/r;) is

not monotonic nor could the convergence of the energy be
considered smooth. These observations make attempts at es-
timating an extrapolated value for Ez of doubtful validity.

B. Hyperfine coupling constant

The hyperfine coupling constant, 4 ,,, (in MHz), and
the expectation value fare related by

A,, = 95410 67(7) (g’”’)ﬁ (10)

ir

where g, is the electronic g-factor (including bound state
effects), u, is the magnetic moment, and 7 is the nuclear
spin. The error estimate for the collection of fundamental
constants represented numerically in Eq. (10) is shown in
parentheses. Using the known literature values®*? for ’Li,
8. =2.0023 019, u9 (the unshielded moment in nuclear
magnetons, nm) = 3.256 416 nm and 4, , = 401.7520 433
MHz yields f (experimental) = 2.906 058 a.u. The final f
value reported in Table II needs to be corrected for the ef-
fects of finite nuclear mass using the factor

m. \-3
14+ — ~0.999 765,
(+452)

Tii

where m, is the electron mass and M, | is the nuclear mass of
Li. The corrected fvalue is 2.906 37 a.u. which corresponds
to a hyperfine coupling constant of 401.795 MHz. This value
is in very good agreement with the experimental value re-
ported above. Relativistic corrections to the calculated value
of fare expected to be small. There are two points that de-
serve special note with regard to the present calculation of /
as a function of the size of the basis set. fmay have converged
to approximately four significant digits, although it is far
from certain that this is the case based on the convergence
behavior exhibited in Table II. Results from a previous cal-
culation’ using fixed exponents also showed nonmonotonic
convergence for £, but interestingly, the observed fluctuation
in fover the last 300 terms was small in comparison to what
is observed in Table II. The final result for fobtained in that
study was /= 2.906 359 (not mass corrected), which is in
close agreement with the result of the present study.

The second point is that subject to the constraint that
the value of f has stabilized in Table IT (to at least four deci-
mal digits of precision), the present calculation does show
that the absence of the second spin eigenfunction in the basis
set does not preclude an accurate calculation of f. The mini-
mal fluctuations observed in our previous calculation’ of f
are due, at least in part, to the presence of both spin eigen-
functions in the basis set. When the basis terms involving the
second spin eigenfunction were stripped from the wave func-
tion, the resulting change in the energy was very minor, how-
ever, the calculated f'showed increased fluctuation and the
final value obtained with 332 basis functions was 2.928 674
a.u. This value is slightly poorer than that reported for the
602-term wave function’ or the result from the present
study.

C. The electronic density at the nucleus

As is evident from Table I1, p(0) does not exhibit mono-
tone convergence as a function of basis set size. The final
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value reported appears to have converged to at least five
significant digits, which is fairly satisfactory, considering
that the variational calculation emphasizes the energy im-
portant region away from the nucleus. In our previous
work’ p(0) was calculated to be 13-8418, and the direction

of change was p(0) increasing at the end of the employed
basis set. The present result is in very close agreement with

the aforementioned value.

D- (V, -VI)

The expectation value (V, -V, ) is a sensitive reflection of
the extent to which electron correlation is described by the
wave function. This expectation value is zero in the Hartree—
Fock approximation. The convergence of this quantity is
observed to be nonmonotonic.

This expectation value offers one important check on
the quality of the wave function, since it can be related to an
experimentally measured quantity, the transition isotope

shift. The transition isotope shift for a pair of isotopes “'X
and “X (with mass numbers 4, > 4,) is calculated as

AEs=(AE sszr — AE s;f;s) — (AE sk!"; — AE s};s
=(AE g% — AE %) — (AE Gl — AEGX),
(11)

where 4 signifies the ionization limit of the species. In the
second line of Eq. (11), the terms in parentheses represent,
respectively, the isotope shifts for the three-electron and
two-electron atomic systems. The nonrelativistic form of the
specific mass shift used in Eq. (11) is given by

AEg,s = _ﬁ<¢ ivi.vj‘¢>’ (12)
M i<j
where y is the reduced electron mass,
n= ..M , ( 13)
m,+M

and M is the mass of the nucleus.

Using the final value of (V;-V;) from Table II the shift
for ®Li-"Li is calculated to be 25-84337 GHz. Employing
data from Pekeris?®?’ for (V,-V,}, the shift for °Li * ~"Li *
is determined to be 24-74162 GHz. The resulting isotope
shift is calculated to be 1-1018 GHz. This value is in close
agreement with the most recent experimental value?® of
1-108 + 0-008 GHz.

V. CONCLUSION

In this study the lowest upper bound estimate so far
available for E 5 for the %S ground state of the lithium atom
is reported. The present result for Eyj is believed to be cor-
rect to the 1 phartree level (or better). As reported in Sec.
1V, this result is not in agreement with the literature esti-
mates of this quality. If the above assertion is correct, it is
interesting that erroneous estimates of £y should have pre-
vailed so long in the literature.

A number of factors enter into the determination of
Eyg . The most significant being the experimental ionization
potentials, the relativistic corrections, the Lamb shift and
the specific mass shift. The literature values of Ey; are prob-

ably incorrect because of inaccurate estimates of the major
relativistic corrections and of the Lamb shift. The specific
mass shift is known with sufficient accuracy that this partic-
ular contribution does not give rise to any significant uncer-
tainty in Enp.

The only way to convincingly demonstrate the accuracy
of the present calculation is to determine a lower bound for
Eyr . Unfortunately, evaluation of a lower bound for E g
using a general Hylleraas basis set requires some formidable
integration problems to be resolved. A number of the diffi-
culties have recently been unraveled by one of the authors
and efforts are now underway to determine a lower bound
for Eyg. Calculations are also in progress to evaluate the
principal relativistic corrections. The latter calculation will
help resolve one of the possible sources of error in the litera-
ture estimates of Eyy .

Should the present value of Ez bein error at the 10-14
phartree level, some rather interesting questions would
emerge on the convergence characteristics of the present cal-
culations. As the last 54 terms are added to the wave func-
tion, the change in the electron—nuclear contribution is off-
set in part by the changes in the electron—electron and
kinetic energy contributions. In order for an error of ~ 10
phartree to exist, this cancellation pattern would probably
have to change, and in addition, one or more of the three
energy contributions would have to show a marked rate of
change in convergence behavior. It is of interest to note that
the final values for the electron—nuclear and electron—elec-
tron energy components obtained in our previous calcula-
tion’ appear to be converging towards the final values re-
ported in Table I, but are approaching from the opposite
direction. This is suggestive that the observed convergence
pattern in the present study is unlikely to start exhibiting
erratic behavior, at least at the 10 phartree level.
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