Analysis of some integrals arising in the atomic four-electron problem

Frederick W. King

Department of Chemistry, University of Wisconsin-Eau Claire, Eau Claire, Wisconsin 54702

(Received 16 April 1993; accepted 18 May 1993)

An analysis is presented for the evaluation of the ome-center integrals of the form
TP v v P P rB s #y e~ en—dr gy gy, dry dr, which arise in the solution of the
atomic four-electron problem when a Hylleraas expansion is employed. A majority of the cases
that arise can be solved by a reduction of the four-electron integrals to integrals arising in the
three-electron problem. A second general approach is developed which is able to handle almost

all cases that arise in practical calculations.

1. INTRODUCTION

The 'S ground state of the Be atom has been the sub-
ject of recent interest.? Attention has focused on resolving
a small discrepancy between the experimental and theoret-
ical values of the ground state energy.’ The most accurate
theoretical determinations of the nonrelativistic ground
state energy (Eygr) have all involved CI calculations, and
have required estimation of the truncation errors to arrive
at the published values of Eyg."”

For few-electron systems Hylleraas-type expansions
lead to much more rapid convergence for the energy. A
drawback, however, is the complexity of the basic integrals
that arise. Relatively few investigations of the 1S Be ground
state have been carried out using a Hylleraas-type basis
set.*S All these calculations have placed major restrictions
on the basis functions that were employed. This was done
in order to avoid difficult integration problems. The pur-
pose of this work is to carry out a general analysis of the
integrals that arise in the evaluation of the Be ground state
energy (or any other four-electron S-state species) when a
Hylleraas-type basis set is employed.

Considerable attention has been devoted to the evalu-
ation of the integrals

I(i,j,k,lm,n,a,b,c)

= f Prd e e~ an—bn—ens gy dr, dr; (D

and the related auxiliary functions on which it depends.”%*

In Eq. (1) 7; represents an electron-nuclear separation and
r;; denotes an interelectronic separation. These integrals
arise in the atomic three-electron problem for S states. In
the conventional Hylleraas expansion only positive integer
exponents are employed, which means only the cases /
>—1, m>—1 and n>—1 are required for an energy eval-
uation. For other properties, such as certain relativistic
corrections, cases arise in which J, m, or # may equal —2.
Such integrals are extremely difficult to evaluate.*>?* Given
that extensive efforts have been devoted to the evaluation
of the I integrals, the approach adopted in the first part of
this investigation is to reduce where possible, the required
four-electron integrals to the I integrals. This reduction
proves to be possible for a large number of integrals. For
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those integrals that cannot be so reduced, a general for-
mula is worked out in the second part of this study. The
next two sections cover each situation.

Il. REDUCTION OF THE FOUR-ELECTRON
INTEGRALS TO /-INTEGRALS

For a four-electron S-state atom or ion, the Hylleraas
expansion takes the form
N
— b JuKou Ju My Py Py G Sy ty
V=4 1;_:1 G731y T T AT 14725247 34
X e~ —burz—cur3—dur4xu , )

where 4 is the antisymmetrizer, C, are the variationally
determined expansion coefficients, y, is a spin function,
and all powers in the set {i,,7, .k, My 1Py Gy sSustut
are each >0. With this choice for ¥ the basic integral that
must be evaluated to determine the energy (and many
other properties) is

I4(i,j)kyl,m’nsp’qst’asb,c;d)
o i gkl p s _t _—ari~bry—cry—dr,
= f’}lrz AP il arsghye ™ e dn

Xdl'l dl'z dl'3 dl'4. (3)

Special cases of this integral have been considered previ-
ously. Gentner and Burke’ evaluated the case where no
more than three r;; terms appear, and that the power on
the r;; factors did not exceed one. These authors allowed
for additional factors of the form cos 6;; in the integrand.
Perkins® also evaluated the case with three rij factors, but
allowed for general powers on each factor. The most ex-
tensive discussion is due to Sims and I-Iagstrom,26 but these
authors also restrict to the case of three r;; factors to a
general power (taken to be > —1). They allow for addi-
tional angular dependence by including spherical harmonic
factors for each electron. If a general term in Eq. (2) is
selected with several different r;; factors, then it is neces-
sary to go beyond these previous investigations and address
the general integral in Eq. (3).

The cases that are considered in this work have i> —2,
Jj>—=2, k»~—2, I>—2 and m,np,q,s,t each >»>—1, with
a,b,c,d each > 0. The first case considered is p=0 and s and
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t not both odd. The following development supposes s is
even. If ¢ is even and s is odd, the obvious symmetry rela-
tion :

I4(i,j:k’lsm;n,p:qssyt,a’b’csd)
=I4(i,k,j,l,n,m,P,qJ,Saa,C,b,d) (4)

can be employed. This situation is a little restrictive, but it
does, however, cover a very large number of possible cases.
Although the final formulas may look a little involved,
they can be programmed very efficiently.

The restriction imposed for the present case allows the
I, integrals to be directly reduced to the I-integrals defined
in Sec. I. Equation (3) for the case under consideration
can be written as

I4(i’jsksl’m:n90:qys9t’a:b:cyd)

=J’ll"zj’j;”g:x"gl"'ﬁe_”‘_brz—mdl‘l dr, dr;

X f rrs e dry. (5)

To handle the integral over r, we proceed as follows.
The Sack?®’ expansions for 3, and 7, are inserted to yield

J(ry,r3,r3,05,td) = J. rirarhee” e dry

’J-Rsu(r2’r4)Rtu(r3:r4)

uOv—

X P,(cos 04) P,(cos O4) e~ dr,,
(6)

where R, (r,r;) is a radial function and P,(cos 0y) a
Legendre polynomial. Using the standard expansion of the
Legendre polynomials in terms of spherical harmonics

47
P,(cos Oyy) =7— Z

2ut1 s umu(92’¢2) Yumu(94’¢4)

(7)

JR(rz,r3,l,s,t,d,u) = f r,l,f+2Rsu(r2,r4)Rm(r3,r4)e_d’4 dr4

(—t/2) ( S/2)u

s—2u—2w

2 Aysz E busw Z

[(1/2)11]2 z=0 v=0

3623
allows the angle integration in Eq. (6) to be evaluated as

Jo= f}’u(cos 64) P,(cos 034)dQ,

dor
2 +1P (COS 923)6uu: (8)

where
[ 7200080 Y (0190 =8uB e, O

has been employed. §,, denotes the Kronecker delta in Egs.
(8) and (9). Inserting Eq. (8) into Eq. (6) leads to

& Pycos 0y3) (= 142
J(#y,3,793,L8,t,d) =4 u§0 ——_Zu-i- ] . ry
(10)

To evaluate the integral in Eq. (10) two different expan-
sions of the Sack radial functions are employed

(=t/2),

2z
V<
Rm("s,"4)—(1/—2)r34§"§4< Z “utz(g) )
u

XRsu(r2’r4)Rzu(r3,r4)e_dr4 d}‘4.

(11)

( ) (—s/2), By hd b Foty
sFq) = u—Ss usw
Ralrar ) == 73y~ rra) ™ & ((r T7s)? )

(12)
where
(u—1t/2),(—1/2—12/2),
autz= Z!(u+3/2)z ) : (13)
and
» (u—5/2),(1+u),
busw= w2+ 20), (14)

In Eq. (11) ry4. denotes the greater of (73,74) and 734«
represents the lesser of (r3,74). In Egs. (11)-(14) (p)q
denotes a Pochhammer symbol. Inserting Egs. (11) and
(12) into the integral in Eq. (10) (denoted Jy) leads to

s—2u—2w
)

X d— 3+ 2utvtwt2e)s—u—v—wp d—u=22(] 4 5 L oy 4yt w+22) [ 1 —Z(I4+2+2u+v+w-2z,d,r) ]

AP (4 ) Ly w1 —22)1Z([4 2+ v+ wt—22,d,r3)}

with

P dr)?
Z(pdrs)=e" 2 Sl
0 .

In Eq. (15) (§) denotes a binominal coefficient.

(15)

(16)

To show the explicit dependence of J [in Eq. (6)] on 7,3, the following decomposition of the Legendre polynomial is

required:
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P,(cos 0y3) = z A’o z wuvyKrZu 2v—2p—2xr3—u+2v+2Kr232u (17
v=0 pu= k=0
with
(=D (TR Qu—2v)!
wuv;uc= £ - T - - (18)

44" (u—v)(u—2v)! 4

and [u/2]=u/2 for u even or (u—1)/2 for u odd. Inserting Egs. (6), (10), (15), and (17) into Eq. (5) leads to

[u/2] u—2v u—2v—p e ©

L,(i,j ke lym,n,0,g,5,t,a,b,c,d) =4 Z by 2 2 2

v=0 pu=0

s—2u—2w

s—2u—2w
2 z wuvykautzbusw( v )
k=0 z=0 w=0 v=0
Xa'_(""3+2"+”+w"‘22)fr’irzﬂr];_”+2"+2"r§§"2“r'3’1rﬁe—”""b'r"3
XA Ey ([ 1—Z(51,d,r3) |+ 73T 2dP T4~ 1017 59,d,r3) Yy diry s, (19)

where the notational simplifications

(—s/2),(—1/2),

“= D [(172),1 S DR
s1=1+242ut+v+w+2z (21)
sr=I+24+v+w+t—2z, (22)
y3=j+s—v—w—-2(v+p+kK) (23)

have been employed. If the additional notational simplifications are utilized
ga=k+1+2(v+e—u—2), (24)
ys=k+2(v+K+2), (25)
s—2u—2w
quyxstzwu =h ust®@ uv;mautzb usw ( v ) ( 26 )
then
I4(i,j,k,l,m,n,O,q,s,z‘,a,b,c,d)
o [w/2] u—2v u—2v—p o w S—2u—2w ) .
= Z 2 E 2 Z z Z d— (;1+1)quyxstzwu[é"1! [I(i,g3,54,q+2‘u,,n,m,a,b,c)
=0 v=0 u=0 k=0 z=0 w=0 v=<0
71 A
2 I(1,53,g4+l,q+2,u,n m,a,b,c+d) ] +52 1g2utaz—t z I(z,53,55+2,,q+2,u,n m,a,b,c+d) 1, Q27

where I(i,j,k,l,m,n,a,b,c) is defined in Eq. (1). Equation
(27) represents one of the principal results of this investi-
gation. Two issues need to be addressed for this formula.
The u, z, and w summations all terminate at finite values.
On noting the property (for integer k) of the Pochhammer
symbol

(—k);=0 [>k, (28)
the z summation terminates at #/2—u if ¢ is even and (¢
+1)/2 if ¢ is odd [see Eq. (13)]. The w summation termi-
nates at s/2—u [see Eq. (14)] and the #-summation ter-
minates at minf[s/2,¢/2] if ¢ is even, or s/2 if ¢ is odd. Both
these conditions require s to be even, which was a basic
restriction mentioned towards the start of this section.

If ¢ is odd then / must be >—1, otherwise g,<0 is
possible and Eq. (27) does not hold. In its place a compli-
cated integral having the exponential integral as part of the
integrand arises. For the case of odd ¢ and /=—2 the
method of the next section should be applied. An exami-
nation of Eq. (24) for the case of odd ¢ reveals the required
condition

k>s—1 (29)
otherwise the I integrals in Eq. (27) depending on g, will
diverge when z,+A4 < —2. A possible way to work around
this constraint is to employ the following result in Eq. (19)

- (d"3)/1

1—Z(g1,d,r3) =e~¥3(dry)51+1 2 s G s i DI (30)
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The result is that the factor in square braces in Eq. (27) is
replaced by

D P
A=0 (A'+5l+l)'
+2u,n,m,a,b,c+d).

dn+! I(is53:51+i4+/1+1’q

This factor is well behaved for &, /, and ¢ values satisfying
k414> -5, (31)

though this is at the expense of a good deal of additional
computational labor.

ill. THE GENERAL CASE

In this section the general case having m,n,p,q,s,t each
>—1 is considered. If the Sack expansion for each factor
){-‘j is inserted into Eq. (3), the resulting integral is

©
)y
0 11 =0

X Ip(my,ny,p1,q1,51:t ) Lo (my,ny,p1,q181,t),  (32)

where I denotes the angular integral

IQEIﬂ(mlsnl’plaqlaslstl)
= mel (COS 612)}),,1(003 613)Pp1(COS 914_)})q1

X (cos 03) Py (cos 04) P, (cos 834)dQ; dQ, dQ; dQ,
(33)

3625

and I denotes the radial integral

Ig=Ig(my,n1,p1:q1551:81)
— f rli-l-2r2_f+2r13c+2r£+2e—ar1-—br2—cr3—dr4

X Ry, (#1572) Ry (P1,73) Ry (71574)

XRgg (2,73) Rys (72,74) Ry (73,74)dry dry dry dry.

_ ofma e P\ g si\(m g1 L\(P1 S1 4
10—2567’(0 o o)lo o ojlo o o/lo 0 0),%, y &, o=,

m; m y 4! m q 8 ny
NM N -M—NJ]\-M Q9 M—Q/\-N

(34)
Employing Eq. (7) and the result
[ Vi 00 Vi, (8161 Vi Burit,
CL+DCL+DQL+ DL b b,
=[ 4r (o 0 0
L L L
X(ml My m3) (35)
allows Eq. (33) to be simplified to
my n q1
Y X X (—nMee
) 4 )( 41 51 4 ) (36)
-0 N+Q)\M+N 0-M —N-Q

In Egs. (35) and (36) (Z’;}) denotes a 37 symbol. To evaluate the radial integral in Eq. (34), the Sack expansion for each

of the radial functions [Eq. (11)] is inserted, leading to

©

Ig=F(mnp,gstm n,pudsit) 2 2 2 20 ZO
=0 5=

my=0 nm=0 p;=0 ¢,

=]
ZO g(m’n,P,q,S,f,m1 sR1:D1,91551 ’tl s 515502592552 ’tl)
=

X f ’{r‘z]"frfr{é < 7'71-72' > r;g < r;; > r;-i < r;-g- > r;; < r;g > r;ft < r;‘1‘0> ;-Altl< r;‘11»2> e_a"l —bn—ens -d"4 drl drz dr3 dr4 ? ( 37 )
where
—m —n —p —q —5 —t
< )m(Z)n<2 Py 2 q(z)sl 2 t
S=f(mnp,g,s,tm ny,p1,41,51:5) = : E - : (38)
1 1 1 1 1 1
2)..6),6),6), ),
my " Py 9 5 !
and
gEg(m,n:P,q,S:t:ml 115D 15q1551581571025125D2502552 ’tZ) =amlmmzanlnnzaplppzaqlqqzaslsszatltt2 (39)
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and the a,,, coefficient is defined in Eq. (13). The abbreviations

TiI=m+2my; T1=q+2q,

Ty=M—T1 Tg=4—T7

Ty=n+2ny To=s1+25;
T4=N—T3 Tig=85—To
Ts=p1+2py Tu=t+24
Te=Pp—Ts Tip=I—Tn

I=i42, J=j4+2, K=k+2, L=I[+2

(40)

have also been employed in Eq. (37). If the integral in Eq. (37) is broken up into different regions according to
0<7<rj<r<r< «, then I simplifies using the additional abbreviations

O1=I4+T1+T34+7Ts Os=I+T4+T4+Tg

Oh=J4+T1+T7+Ty @g=J+Tr+Tg+T10

03=K+T34+7T7+7T11 @7=K+T4+7g+T12

04=L+T5+To+Ty; @g=L+Te+Tio+T12 (41)
to yield
Ip=f 2 Z E Z 2 giW o J+ 1+ 77+ 79, K+ T4+ T3+ T11,0%,8,b,¢,d)
my=0 ny=0 py=0 g=0 s53=0 =0

+ W4(CO1 ,J+TZ+T7+T9:L+T6+'T]0+711 ,a)-,,a,b,d,c) + W4((01 :K+T4+T7+7-11 5J+72+78+7.9’m83a3c3b’d)

+ Wilw K+ 74+ 717+ 711, L+ Te+ To+ T10,06,0,0,d,0) + W4(601,L+76+79+T11,J+’Tz+7'7+7'10,ﬁ)7,a,dsb,c)

4+ Wylwy, L+ 76+ Tg+T11,K+Ta+ 17+ 712,06,0,d,6,0) + Wyl , I+ Ty T3+ 75, K+ T4+ 774+ 711 ,08,0,a,¢,d)

+ Wylw,0 4T+ T3+ 75, L+ T+ Tio-+T11,007,0,8,d,¢) + Wy(@q , K+ T3+ 75+ T11,] + Ty +Ta+ T5,08,b,0,0,d)

+ Wil @2, K+ T3+ Tg+T11, L+ Ts+T10+T12,05:0,6,8,0) + Wyl @2, L+ T5+Ti9+T11,] +Ta -+ T3+76,07,b,d,a,¢)

+ Walwa, L+75+T10+ T11:K+ T3+ Ts+ T12,05,0,d,6,0) + Wyl w3,I+ 71+ T4+ 75,/ + T2+ g+ T9,03,¢,0,b,d)

+ W4(a)311+1-1+T4+TS’L+T6+79+712’w6,c’a:d9b) '+' W4(w3’J+Tl+TS+T911+72+T4+753608acsb,a,d)

+Wilws,J+ 11+ T8+ 79, L+75 +T10+712;w5 0bd,a) + Walws, L+ 15+ Tg+Ti2,l+ T+ T4+ T6,06,6,d,a,0)

-+ W4(a)3,L+7'5+7'9+1'12,J+7'1+7'8+1'1(_),a)5,c,d,b,a) -+ WQ(@4aI+71+7'3+7'6,J+Tz+7'7-l-1'10,w7,d,a,b,c)

+ Walwg, I+ 71+ T3+ Tg . K+ Ty+ 7+ T12,06,da,6,0) + W4(w4,:l+7'1+'r7+1'10,1+1'2+7'3+'r4,a)7,d,b,a,c)

+ Walwg,J+ 71+ 77+ T10, K+ T3+ Tg+T12,05,d,0,¢,a) + Wy ws, K+ T3+ 77+ Tin d+T1+ T4+ T6,06,d,6,a,0)

+ Wi(@4, K+ 713+ T7+T12, 0+ T+ T3+ Ti0,05,d,¢,b,a) }.

In Eq. (42), W, denotes the integral

W4(I,J,K, La,b,c,d) = f xle=% dx fw Ve dy
0 x

X Jw e~ dz f& wre=® qu.
y z
(43)

The W, integral has been discussed previously by Sims and

(42)

I

Hagstrom.?® These authors have given a recursion relation
for the integral, as well as values for some special cases of
the integral.

Since the integral

W (1,J,K,a,b,c)

= fw xle™ % dx fw ye ¥ dy fw ZKe= dz (44)
0 x y

arises in the context of the three-electron problem, and has
been discussed extensively in the literature, #1316 it js ad-
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TABLE I. Values for some representative I, integrals evaluated using Egs. (27) and (32). All entries have a=3.6, =3.8, ¢=0.8, and d=1.3.

X
~

B

i

.
3

[N

t
~

A

e et e s e et R T I O O

L)W WD WL W L)W W LW W W W W W

|

DN, DD =N NN NN

|

o N e ol T i B B RN

)
!
|
RN = WWLWMERHRDMNMOWNS =NDO O N

RN =N NNMNNWOR,LWONNDOO
NN OONOOOONNO=,O~NOOO|N

L Irnd
- e e e

|
NN =N, 2N 00R 0000000

!

5.067 939 409 842 651 008 312 359 39 10°
2.254 207 345 236 318 617 471 13507 107
5.480 393 934 991 866 264 771 878 89 10'!
5.368 252.390 484 503 824 239 842 74X 101!
3.066 337 409 317 699 286 041 877 26 ¢ 10°
2.889 914 740 840 552 356 252 969 39X 10'!
7.618 678 465 825 582 751 054 564 74 X 10°
1.144 435 513 036.587 426 635 712 19X 102
1.679 228 373 678 646 793 368 058 65 1013
3.354 413 036 967 296 133 164 196 24X 103
2.393 675 713 692 744 849 863 600 20 103
1.983 354 428 418 357 876 328 875 68X 1013
7.509 027 797 562 537 372 664 899 09 X 10°
3.605 710 376 746 440 557 790 661 32X 10*
2.764 452 054 064 275 956 956 217 25X 10°
3.629 849 893 779 623 694 349 389 10X 10°
1.406 388 379 915 098 238 400 955 30 x 101
2.461 716 450 527 742 587 338 204 15X 10%?
1.115 320 304 884 140 744 860 690 79 X 102
6.646 114 199 531 403 444 879 760 52 10!
4.898 202 794 184 977 140 224 588 93 10

|
NN NR=SRR=,RRNO =N NNNN =N

!

NN ANDNONNNNNNDNDOOOONMOO

vantageous to exploit previous work and reduce the W,
integral directly to the W integrals. Two cases arise: L>0
and L<O0. For L>0 the W, integral can be easily reduced
to the form

W(1,J.%,La,b,c,d)

Il
dL+ 1

d
Z — WLk +vabetd). (45)
v=0
For the case when L<0, a rearrangement of the order of
integration allows the following result to be obtained:

m

11
W, (I,7,K,La,b,c,d) =—— | W(J,K,L,b,c,d) — Z —
a

X W(J-+m,K,Laa+b,cd)|. (46)
Equation (46) applies when >0, 7+&k>—1, and J4+-K
4+ L>»—2, and when the differencing does not result in the
loss of too many digits of precision. Equation (46) is not
expected to be numerically stable for general application.
In its place the following result is employed

W4 (I:J:K’ L,a,b’c’d)

m

W(m--14+J4+1,K,Laa+b,e,d).
(47)

Equation (32) represents the general solution of the
integral given in Eq. (3), with I, given by Eq. (36) and I
given by Eq. (42). All the summation limits in Eq. (42)
terminate at finite values. This follows from the properties
of the Pochhammer symbol [see Eq. (28)] and the defini-
tion of g given in Eq. (39). For m even in Eq. (37) the m,
summation terminates at m/2—m,; [see Egs. (13) and

o (m+1+1)1

(39)], and for m odd the m, summation terminates at
(m+1)/2. A similar argument applies for each of the sum-
mation limits in Eq. (37).

We now turn to the summation limits in Eq. (32). If
any of m, n, p, q, s, and ¢ are even, the corresponding
summation limit terminates at finite values [see Eq. (38)].
For example, if 7 is even, then the #, summation limit is
bounded above by (2/2). The second condition that sets
the summation limits is the triangle condition on the 3j
symbols in Eq. (36). For example,

(48)
(49)

and all cyclic permutations for the sets (my,n;,01,),
(my1,91,51), (n1,91,41), and (py,s1,;). From these consid-
erations it is clear that the #; summation terminates at the
value min{#/2 if # even, P+ Gmaxs Pmax+Smaxt Where
Ryax denotes the maximum summation index for the n;
summation and similar definitions apply t0 g0y » Prmax» and
Smax - S0 if £ is odd, then # and ¢ both even, or p and s both
even, would be sufficient to terminate the ¢; summation at
finite values. If neither of these latter two conditions are
satisfied then the #; summation may still terminate at finite
values. This would follow if m, n, and s are each even or if
m, p, and g were each even. These two conditions following
from triangle inequalities on the 37 symbols in Eq. (36). A
similar argument applies to each of the summation limits
in Eq. (32). The most difficult case to deal with occurs
when m, n, p, ¢, 5, and ¢ are all odd. In this case an
appropriate computational strategy would be to rearrange
the summations in Eq. (32) according to the speed of con-
vergence for representative test values of a, b, ¢, and d.
From a practical point of view, it would be more appro-
priate to select the basis functions in Eq. (2) in such a way
that integrals involving the all odd case do not arise. The

|ny—q1| <t1<ny+4q,,

|[p1—s1| <ti<pi+54
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triangle inequalities in Eqs. (48) and (49) and the others
obtained by various cyclic permutation of the sets indi-
cated after Eq. (49), lead to lower bounds on the summa-
tion limits in Eq. (32). For example, the #; summation
starts at max{|n;—q|,|p1—5|}-

1V. RESULTS

In Table I a representative sample of I, integrals are
tabulated. The first 17 entries were calculated using Eqg.
(27) and checked using Eq. (32). The last four entries can
only be evaluated by the method of Sec. III. For the first 16
entries the number of digits of precision reported reflects
the number of digits that agreed for the two computational
methods. Entry 17 was calculated to 22 digits of precision
using Eq. (32), and these agreed with the result obtained
from Eq. (27). For the last four entries, the number of
digits of precision is assumed to be similar. All the calcu-
lations were carried out on a Cray YMP in double preci-
sion.

V. CONCLUDING REMARKS

A computationally viable scheme has been presented
for the evaluation of atomic integrals for the four-electron
problem involving up to six interelectronic separation fac-
tors #;;. The methods of Secs. II and III can both be ex-
tended to integrals involving more than four electron co-
ordinates, but the results will become increasingly
involved. To apply the Hylleraas method to systems with
more than four electrons, a judicious selection of basis
functions with perhaps no more than two distinct 7;; fac-
tors for each basis function may prove to be a viable strat-
egy. In this case the methods of Sec. II might prove to be
very useful.

To evaluate certain relativistic corrections or matrix
elements of the square of the Hamiltonian (which are re-
quired for some lower bound formulas) for four-electron
systems using a standard Hylleraas expansion, then I, in-
tegrals with rgz factors arise. Such integrals can be at-
tacked by an extension of the methods developed else-
where. 2>

Frederick W. King: The atomic four-electron problem

The solution of the four-electron integrals presented in
this work should allow a general Hylleraas wave function
to be constructed, leading to a much improved determina-
tion of Eyg, without the need for extrapolation estimates.
Work is in progress on this problem.
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