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PROGRAM SUMMARY

Title ofprogram: Reducedlocal energyfor atoms An analogousdefinitionholdsin theHartree—Fockapproxima-
tion [2,3]. TheprogramevaluatesE~(r

1), theHartree—Fock
Cataloguenumber:ACCE reducedlocal energy,for atomicsystems.

Programobtainablefrom: CPC ProgramLibrary, Queen’sUni- Methodofsolution
versityof Belfast,N. Ireland(seeapplicationform in thisissue) The reducedlocal energyis evaluatedfrom analytic formulae

for the ‘reduced’matrix elements,as a function of theradial
Computer: Honeywell DPS 8/20; Installation: University of coordinate r1. The ‘reduced’ matrix elements are evaluated
Wisconsin-EauClaire usinga basisinvolving Slatertypeorbitals.A Gaussianquadra-

ture of E~”(r1) is carried out to check the evaluationof this
Operatingsystem:GCOS function.

Programminglanguageused: FORTRAN 77 Restrictionson thecomplexityof theprogram
Theprogramis presentlywritten to consideratomswith up to

High speedstoragerequired: 85 Kwords 18 electrons.A restriction to 8 basisfunctionsfor eachs andp
orbital hasbeenemployed.Both of theselimits may be cx-

No. of bits in a word: 36 tendedupwardswith only very minor changesto theprogram.

Peripheralsused: disc(unit 25) for input Typical running time
Executiontimes dependon the numberof electrons,and in-

No. of lines in combinedprogram and testdeck: 1135 creasesteeplyas this factorbecomeslarge.On the Honeywell
DPS 8/20, the evaluationof E~”(r1)at 100 configuration

Keywords:reducedlocal energy,Hartree—Fock,local accuracy, spacepointsfor Be re9uires130 5; 200 pointscan begenerated
atomic systems,wavefunctions in 165 s. The Gaussianquadratureoption to checkthe total

energy and to computecertainmomentsinvolving E~(r1)
Natureofphysicalproblem requiresapproximately390 s for Be.
The reducedlocal energy(diagonal elementsof the reduced
local energy 1-matrix) is definedin position spacefor an N Unusualfeaturesof theprogram
electronsystem(N � 2) by [1] Theprogramis writtenin FORTRAN 77 andhasbeenchecked

to ensurethatit satisfiesANSI standards.

— f~*(ri,r2 rN)H’I’(rl,r2 rN)dsldT2...dlN References

EL(‘i) — ~ * [1] G.F. Thomas,F. JavorandS.M. Rothstein,J. Chem. Phys.
j~J!(r1,i~ rN)’I’(rI,rl rN)dsldl-2drS...dTN 64 (1976) 1574.

[2] L. CohenandC. Frishberg,Phys.Rev.A13 (~976)927.
(1) [3] H. Nakatsuji,Phys.Rev.A14 (1976)41.
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LONG WRITE-UP

1. Introduction

The reducedlocal energyis definedfor an N electronsystem(N ~ 2) by [1,2]

J~~i*(rr2,.. .,rN)H’I’(rl, r2,...,rN)dsldr2...dTN

EL(rl)= . (1)fq.~*(,.1,r2,...,rN)’I’(rl, r2,...,rN)dslclT2dT3...d’rN

In the limit that theexactwavefunctionis available,

EL(rl)_E, (2)

whereE is the exactenergy.Eq. (1) representsa stringenttestof thelocalaccuracyof the wavefunction.A
similar result holdsin the Hartree—Fockformalism [3,4]

f’I’HF(r1~ r2,.. .,rN)H’I’HF(rl, r2,...,rN)dsldT2. ..dTN
E~(r1)= , (3)

f’.1’HF(n1~ r2,...,rN)~’HF(rl, r2,. . .,rN)dsldT2...d’rN

andfor the exactHartree—Fockwavefunction,

E~(r1) EHF, (4)

whereE HF is the exact Hartree—Fockenergy.
A numberof recentstudieshaveappearedin which eq. (3) has beenemployedto assessthe local

accuracyof Hartree—Fockwavefunctions[5—8].The reducedlocal energyconcepthasalso beenincorpo-
ratedinto aconstrainedHartree—Fockmethod[6,9].

A compactway to assessthe local accuracyof a Hartree—Fockwavefunctionutilizes the moments[101

Am=•~j~:fIEHF_E~(r)Irmp(r)dr, (5)

Dm = ~ — E~~~(r))
2rmp(r)dr, (6)

wherep(r) is the Hartree—Fockelectronicdensity.In thelimit that the exactHartree—Fockwavefunction
is available,

Am=0, (7)

Dm=0. (8)

By consideringvariousvaluesof m in eqs.(5) and (6), it is possibleto assessthe local accuracyof the
wavefunctionin different regionsof configurationspace.

2. Computationalprocedure

The programevaluatesE~(r
1) for atomic systems.All resultsare presentedin atomic units. The
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Hartree—Fockorbitals are expandedin termsof a set of basisfunctions,

(9)

wherethe basisfunctionsX.1(r) are Slatertype orbitals with integerquantumnumbers.To takeadvantage
of spherical symmetry,the numeratorand denominatorof eq. (3) are integratedover the polar angles
(Of, 4~).

Eq. (3) canbe written as

E~(r)= (K+ EN + EE)/F, (10)

whereK, EN andEE denotethe ‘reduced’kinetic energy,the ‘reduced’electron—nuclearpotentialenergy,
and the ‘reduced’ electron—electronpotential energy, respectively,F is N

1 times the angleaveraged
electronicdensity. Thealgebraicexpressionsfor thesereducedmatrix elementsare given in the appendix.

3. Programdescription

The detailedworking of the programis describedby commentcardsthroughoutthedeck.A description
of variablesis given in the commentcardsat the start of the program.The programis structuredin the

following manner.TheMAIN routinecalculatesall the necessary3j symbolsandevaluatesall partsof the
‘reduced’matrix elements(given in the appendix)which are independentof r. The most time consuming
aspectsof the calculationinvolvesthe matrix elementsof r~1.Becauseof the structureof eq. (A.16), the
matrix elementsof r

1~
1are convenientlycompressedinto a three-dimensionalarray. The final segmentof

the MAIN routineinvolvesthe Gaussianquadraturecheckon E~(r)andthe calculationof the moments
Am and Dm defined in eqs.(5) and (6) (if this option is required).The ioop to obtainE~(r) is the last
calculationin MAIN.

Two subroutinesare employed.SubroutineTRIANG performsa shortcalculationfor the generationof
the 3j symbols.SubroutineFUNCTis calledto perform the calculationof all r dependentpartsof the
‘reduced’matrix elementsgiven in the appendix.

The programhas beenwritten to handleup to 18 electrons.This limit canbe expandedupwardvery
easilyby making appropriateadjustmentsto the dimensionsof variousarraysand someminor changesto
certain summationlimits. Commentcardshavebeenincluded in the deck referringto thesechanges.A
restrictionto 8 basis functions for eachs andp orbital hasbeenemployed(following the format of the
earlysectionsof the Clementi—Roettitablesof atomicHartree—Fockwavefunctions[11]).This limit canbe
modified withoutdifficulty.

Dependingon the points at which E~’(r) is evaluated,the sizeof various orbital exponentsand, in
particular, the maximum allowable negativeexponent, underfiow may be encounteredin subroutine
FUNCT at lines 951, 971, 1013, 1014, 1052 and 1053. When theseare set to zero no difficulties are
encountered.This hasbeentestedon the Honeywell DPS8/20 usingthe extendedHEX option.

4. Required input

The input has beenarrangedto follow the format of the information available in the Clementi—Roetti
tables [11].All input is readfrom a disc file (unit 25). Bothof thesearrangementscanbereadily modified
to meetthe user’sown requirements.

Theorder of input to the programis as follows. Thefirst two cardscontainthe TITLE information.The
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nextcardindicatesthenumberof electrons(NE), thenumberof expansionstermsfor an s-orbital(NS), the
numberof expansiontermsfor ap-orbital(NP) andprogramoptionsrequired(NITEST) (the latteris fully
explainedin theleadcommentcardsin theprogram).The nextcardgives thenuclearcharge(Z). The next
cardgives the Hartree—Fockenergy(EHF) usedfor the calculationof Am andDm. The next NS cardsgive
the expansioncoefficients,orbital exponentsandprincipal quantumnumbersfor theis orbitals.The next
set of datacards readin the expansioncoefficientsfor the 2s orbitals. The following NP cardscontain
expansioncoefficients,orbital exponentsandprincipal quantumnumbersfor the 2p orbitals.The nextcard
gives the magneticquantum numbers for the 2p orbitals (MY). The next NS cards give expansion
coefficientsfor the 3sorbitals.The following setof cardsgive the expansioncoefficientsfor the 3p orbitals.
Thenextcardgives the magneticquantumnumberfor the 3p orbitals. Thespin quantumnumbes(MS) are
given on the nextcard;a spinis 1, /3 spinis 0. Thefollowing cardgives thenumberof points in eachrange
(NR1) for whichE~”~(r)is to becalculated.Thenextfour cardsspecifytheincrementin theradialdistance
for the evaluationof E~(r) for eachrange(FR1).

5. Test run

The first testrun calculatesthe reducedlocal energyfor the Be atom using the wavefunctiongiven by
Clementi—Roetti[11].A plot of E~(r)versusr is given elsewhere[6]. Theprincipal outputconsistsof the
Dm and Am values(called DINT(M) and ABSINT(M), respectively)for values of m = —2 to 10. The
programalso prints out the intermediatesegmentsin the Gaussianquadratureto providea guide to the
convergenceof thesemoments.The readershouldbe alert to the fact that the numberof meaningful
significant figures for Dm and Am is critically tied to the number of significant figures for the input
expansioncoefficientsandorbital exponents.This resultsdirectly from taking thedifferenceE HF — ELIF(r)
in eqs. (5) and (6). The final Be outputconsistsof the radial distance,the ‘reduced’matrix elementsand
E~(r). All resultsare in atomicunits.

The secondtest run shows the input dataand a partial output for the Ne atom. The wavefunction
employedfor Ne hasbeentakenfrom theClementi—Roettitable[11].

Acknowledgement

Supportof this researchby the donorsof the PetroleumResearchFund,administeredby the American
ChemicalSociety is gratefullyacknowledged.

Appendix

The details necessaryto calculatethe reducedlocalenergyfor the atomicHartree—Fockwavefunctions
are given in this appendix.In the following, p (r) and P2(r~,r2) denote the electronicdensityand the
diagonal part of the 2-particle density matrix, respectively; p~(r1 r) and p2(r~r2 r1’, r~)denote the
1-particleand 2-particledensitymatrices,respectively.It is most convenientto developseparateexpres-
sionsfor the kinetic energy,electron—nuclearpotential energyandthe electron—electronpotentialenergy.

A.1. Denominatorof eq. (10)

The denominatorof eq.(10) is simply evaluatedto yield

F= (~(r1,r2,...,rN) ~(r1, r2,...,rN))2N~fp(rl)dQl~ (A.1)



F.W. King eta!. / Hariree— Fockreducedlocal energy 219

wherethe subscript2. . . N indicatesintegrationoverall coordinates2 — N andintegrationoverthe angular
variables~ 4~).Making useof the expansion

pi(ri; ~ (A.2)

andemployingeq. (9) yields

~ N~-~
~ ~ XikXil

7~ ~ ~ ~ ~ (A.3)
i=1 k—I 1=1 i~1k~11=1

where

~‘ijrs = air + a~5, ~ik = X’kCik, (A.4)

ar denotesan orbital exponent.

A.2. Electron—nuclearpotentialenergy

N

EN = <~(‘~~r2,...,rN) ~ ~(,1’ r2,...,rN))2N

=~f~~p(ri)_2zfP”2)dr2jdQi. (A.5)

If the expansion

~2; ,, ~ =~[p1(r1 rflp1(r2 r~)—p~(r2rf)pi(ri; ri)] (A.6)

andEq. (A.2) are substitutedinto eq. (A.5), then

ZF’ N NN~4i~
EN = -p-- — + 1” ~ R.1- E ~k~l~j’ (A.7)

I i=I i=1 j=l k=1 1=1

whereF’ = NF and

R~~=~ = ~ CzrCjsNzrNjs(~r ifs— 1)!866 (A.8)
r is I lJrs

In eq. (A.8), the Kroneckerdeltastestthe threequantumnumbersL, ML and M5.

A.3. Kineticenergy

N

K=<~P(rl,r2,...,rN) ~

4f{[-~ ~pi(ri; r;)],;,, -f, ~P2(n1, ‘2; ri~r)dr2}d~i. (A.9)
—
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Employingeqs.(A.2) and(A.6), eq. (A.9) maybe written as

N

K=-~-~3-~~ ~ ~
~i=I k=1 1—I i—I

NN~~

- ~ ~k~1~’~i)’ (A.io)
i—i f—I k—I I—i

where

= (41(r2)I v~lq~(r2))= ~ ~M,,,M,JôL,,LJ&ML,,ML,CikCj1N,kNJ1
k—I i—I

((flak + n11)!a~
x ~ ~ijk/ — 2aJ,nJ,(nlk+ nfl — 1)! + (n~k+ n11 — 2)!~IJk1

x [n11(n11_ 1) —L~(L1+i)]}/~~~J’. (A.11)

A. 4. Electron—electronpotential energy

= <~(‘I’ r2,...,rN)~~ ul~(r1,r2,...,rN))2N

Ii<j ~

~ (A.12)
r12 I

The first term on the right-handside of eq. (A.12) (denotedEIE) can be evaluatedusing eqs.(A.2) and
(A.5) to yield

N NA’~ 2

EIE~’4.~ ~ ~ ~(i)M~M1j(2La+1)(2Lj+1)xakcjSNjs
i—i f—I k—i s—I n=O

I~A1A~

~ ~ N (L1 L, n~/L~ L~ n\(L1 L. n’~(L1 L1 n\
k,i—ir=i J~\() 0 o)~o 0 o)~—ML, ML 0)~—ML~ ML,, o)

~ ~jrs~,CirNir(_1)m(L~ L1 ~\
2(L, L~ n )1L

1 L1 n\)
!-lr-1m-n \0 0 ~)LML ML, —m ~ML, —ML

(A.13)

11 l~ 13 \
where (mi m2 m3) denotesa 3j symboland

( (nir + ~js — — 1)! n,,.+n,,—n—I
‘~ijrs= ÔM ,M, ~

~‘flj,+flj,fl w!iJrs w=O

(Fur + n~+ n)! n,,+n~,+n ~ ~
___________ ~jjrs”I (A.14)

+ [1 _e~,J,,r1 ~ w! jJ~
n+ l~flfr+flj~+fl+1r1 ~ijrs L w—O
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Eq. (A.i3) has beenwritten explicitly to handlethe wavefunctionsprovided by Clementi and Roetti
throughto Ar. To extendthe formulaefor atomsbeyondAr, the only modificationrequiredis to extend
the summationovern (arising from theexpansionof rh’) to the requiredvalue.Thiscommentalsoapplies
to eq. (A.17) given below.

The secondfactor in eq.(A.12), denotedE2E,canbe simplified by employing

p1(r1, ‘~) Pi(’~,r2) p1(r1, r3)

P3(’I’ ~2’ ?~3)= ~ p1(r2, r~) pl(’2’ ‘2) P1(’2’ ?~3) (A.15)

p1(r~,,r~) PI(’3, ~‘2) pi(r~,r~)

andeq.(A.2) to yield

NN( N~A1~

= ~ ~r’(J1~— ~ + 2 ~ ~ J4rXjs(Jkjik — JkJkI)6L,,LJÔML,,MLJÔM,I,M,J (A.16)
i—if—i k—i r—i s—i

where

‘abcd

2 n

= ~MM

6MM ~ ~ Cc~,CbXcYCdZNaWNbXN~YNdZ

n—O m—n w—i x—I y—i z—1

x (—

1)ML +MLb+m [(2La + 1)(2Lb + 1)(2L~+ 1)(2Ld + 1)] 1/2

x La L~ n\ Lb Ld ~i\ La L~ ii Lb L1 pi
0 0 0) 0 0 o) —ML ML, —m ~MLb ML~ m

x ~ + ~dz + n)! (flaw + ~~cy — fl — 1)! — nb~,-+-na,-

4-n(flaw + ‘icy — n — 1 + g)!?,g~~~
~fl~+fl~~fl + ~ \n~+n~—n+gbdxz acwy g = o g.’~~~abwx ~edyz)

(~~bx+ ~dz — — 1)! ~ (‘saw + n~+ n + g)!~’g~~~
n +n +n+g+l ( . )

bdxz g = 0 g!(~’abwx+~~dy~)
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