Bounds for the atomic electronic density
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Several upper bound estimates for the atomic electronic density are derived. The bounds are formulated in
terms of the kinetic energy and, in some of the cases considered, the expectation values ¥ | r7' | ¥) or
(W | r7? | @) are employed. All the inequalities follow from the application of Block’s theorem. A numerical

test of the bounds has been carried out for some two electron species.

I. INTRODUCTION

There has been considerable activity recently de-
voted towards the determination of rigorous relation-
ships satisfied by the electronic density. Much of this
effort has centered on the determination of bounds for
the atomic electronic density, !~* investigations of the
long~range asymptotic behavior of the electronic den-
sity, 5" and the derivation of various integral inequali-
ties involving the electronic density.!*=?* The review
of Bamzai and Deb?! provides a survey of some other
recent research activity concerning the electronic
density.

The purpose of the present study is to expose some
new upper bounds for the atomic electronic density.
The approach taken involves some ideas due to Bloc
which have not previously been employed in connection
with the electronic density. Our objective is to extract
the simplest principal bounds from Block’s general
theorem. In particular, the bound of Hoffmann-Ostenhof
and Hoffmann-Ostenhof® is obtained as one special case.

k, 22,23

Despite the potential utility of accurate bounds for
the electronic density, there are very few rigorous re-
sults applicable to N electron systems available in the
literature, Redei® derived a bound for |p(r) —p,(r)l,
where p(r) is the exact electronic density and p,(r) is
the electronic density derived from an approximate trial
wave function. Rédei’s bound requires information on
the ground state and first excited energies and matrix
elements of the square of the Hamiltonian operator using
the trial wave function, An upper bound for p(0) and a
generalization have appeared.3* Hoffmann-Ostenhof
et al.® succeeded in deriving an upper bound for p(r) in
terms of the kinetic energy. The approach taken in this
work also leads to upper bound estimates involving the
kinetic energy.

{fl. BLOCK’S THEOREM

Block’s work is concerned with the problem of finding
upper bounds for the function | y(x)| in terms of integrals
involving y(x) and y(x) (prime denotes differentiation).
Block derived the following result:

|30 <m0 [ AT + gl 96 ()
where 9(f), which does not depend on y, is given by
)= [ {tlite, 07T + glhuts, s
= wlt, ) + F Oy W) - @wlaY wla) . (2)
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In Egs. (1) and (2), ¢ satisfies a<#<b and w(x, t) satis-
fies the following four conditions:

@) (fw')? —gw=0 {as x<t
t<x<bd, (3)

(ii) w(x, ) is continuous for ga<f<b,

(iii) lim [w(t—¢, O = wlt+ e, '] (D=1, (4
-0

(iv) fl@)wla) y(a) = £(B)w(b) y(b) . (5)
The successful implementation of Block’s inequality [Eq.
(1)], depends on the ease with which the function w(x, )
can be determined, which depends on the complexity of
the differential equation (3).
til. BLOCK'S INEQUALITY FOR f{x)>0

The solution of the above differential equation for the
case f(x) >0 may be written in terms of the functions
w,(x) i= 1,4, which satisfy the boundary conditions

wila) = wy(b) = wyla) = weld) = 1, (6)
wyla)’ = wy(b)' = wyla)=w,y(b)=0 . M
The solution is
A(Dwi(x) + Ay(Duwylx) ,
As(Dwg(x) + A(Dwy(x) ,

asx<t,

wlx, §) = { (8)

t<x<bh,.

Comnections between the coefficients 4,(#) can be found
using the four constraints listed above, These con-
straints may be sufficient to determine all the 4,(#)
depending on whether or not any additional informa-
tion about y({) is employed. Additional constraints on
the behavior of y(#) leads to sharper inequalities,

IV. BLOCK'S INEQUALITY APPLIED TO THE
ELECTRONIC DENSITY

The focus of our attention in this paper is the atomic
electronic density. By appropriate choice of y(f) we
may impose the condition

yl@=y(B)=0. (9)

A more general choice of y(#), which does not impose
the constraint y(a) = 0, has been investigated in detail,
and the results for bounds on the electronic density
arising from this case will be discussed elsewhere.

For the case discussed in Sec, IVA, i.e., f(x) >0,
the conditions (i)~(iv) are not sufficient to determine all
the coefficients A,(¢y), This leads to flexibility in the
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expression for an(7), Eq. (2), and arises directly from
the imposed constraint Eq. (9). The 4,(#) may be de-
termined so that 9M(¢) is a minimum, with the conditions
(i) to (iv) used as constraints. The algebraic details
are given in Appendix A. The final expression for ()
is given by Eq. (AS5).

In this paper, we choose the function y to be
y() = rp(n)'/?, (10)
where p(r) is the electronic density, assumed radially
symmetric, is given by

p(r)=Nf|w(r,,r2,...,r,,)|2dr2dr3,...,dr,, . (1)

This selection is based on the following criteria. The
constraints given in Eq. (9) are satisfied when a= 0 and
b=, Also, this choice allows us to deal with one of
the integrals appearing in Block’s inequality by employ-
ing a lower bound integral inequality for the kinetic
energy derived by Hoffmann-Ostenhof et al, !

A. Case 1: flx)=k, glx)=k,
The simplest possible choice for the functions f(x) and
g{x) appearing in Eqs. (1) and (2) is

f(x) =k ; g(x) =ky, (12)

where &, and &, are positive constants. We will assume
that &, and k, are positive constants throughout this

paper. If we set

a=(ky/B)V?, (13)
then Eq. (3) reduces to

W' —-atw=0 (14)

for which the solutions w, satisfying Eqgs. (6) and (7)
are readily determined to be

wy(x) = cosh a(x =q) , (15)
wy(x) = &' sinh afx —a) , (16)
wy(x) = cosha(x =b) , (1)
wy(x) = a™' sinh a(x - b) . (18)

From Eq. (A9) y, (as defined in Appendix A) is found
to be zero and a short computation shows that A,(x)
[Eq. (A6)] is also zero, and hence the expression for
M(x) [Eq. (A5)] simplifies to

M(x) = Ay(x) wy(x) (19)
which when evaluated leads to the result

k;' sinh a{x — a) sinh a(b - x)

M) = asinha(b -a) * (20)
The Block inequality takes the form
5 _ sinh a(r = q) sinh a(b -7)
|y |F< a sinh a(b - a)
b
x f {{yW) 1P+ a?y(x)?}dx , (21)
a

which simplifies in the limit g =0, b—~ to

|y()|?s % (1=e?7) fo.’ {[y&)' )2+ a?p(x)}dx . (22)
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The inequality Eq. (21) was given by Block and also
derived somewhat later by the Hoffmann-Ostenhofs. %
This specialized Block inequality forms the basis for
the bound estimates established by Hoffmann-Ostenhof
et al,"* The above derivation also makes clear that the
bound is governed by one arbitrary parameter and not
two as might be inferred from the appearance of Eq.

(1).

Substituting Eq. (10) into Eq. (22) and employing the
following key inequality established by Hoffmann-
Ostenhof ef al.!'%:

* rivp)tdr _ T
fo 4p(7) T2 (23)

leads to the result
o) <y (1-e2) (aN+ L T (24)
87 a ?

where T is the kinetic energy. Equation (24) was first
proved by Hoffmann-Ostenhof et al.’

B. Case 2: f(x)=k,, gix)=k,x7!
1f we define « using Eq. {13) and set
B=2arl’? (25)
then 91(7) is found to be (see Appendix B for details)

o) = %—1’- L®K®) , (26)

where [,(8) and K,(B) are the modified Bessel functions
of the first and second kind, respectively.

Employing Eqs. (1), (10), (23), and (26) yields the
following bound for the electronic density:

p(r) s L6 z)fy(ﬁ) [a®NQ¥ |7t |w)+ 2T] . (27

If we employ the following well known inequality?®2";

(¥ |7t |\1:>ZS§—, T, (28)

then the inequality Eq. (27) may be expressed in terms
of T alone:

PN < 5= T2 EKE [N Y2+ 2D] L (29)

Alternative inequalities connecting {¥ lr{1 |¥%) and T are
available if model Hamiltonians are of interest,?®?® The
case f= k; and g = ky/x therefore allows the electronic
density to be bounded in terms of the kinetic energy and
the electron-nuclear energy V,, via

p(7) sﬂiﬂ_)l_(ﬁﬁ) [ 2T - a_zz V“] , (30)

2nr

where Z is the nuclear charge.

C. Case 3: f=k,x2, g=k,

In this case, we do not have >0 in the interval [0, «).
In this situation, we do not have to impose the condition
yla) = y(b) = 0, Eq. (9), since the constraint given by Eq.
(5) is satisfied by imposing w(b) = 0 as b~ « and noting
that f(@) ~0 as a~ 0. For this case, we make the choice
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y(r) = p(r)/?, (31)

Using the expression derived for 9m(r) in Appendix C,
and Eqs. (1), (23), and (31), the following bound is ob-
tained:

1 2
p(r) < Tl aahE [TT + GN(‘I’Iﬁ2|‘I’>] . (32

If we employ the well known inequa.lity26

8T

2o s = 33

(¥ || w) N (33)

the electronic density bound Eq. (32) may be expressed
in terms of the kinetic energy

T

21/2
Cy 1+ 4a°)'/?,

p(r) < (39
We note in passing that a slightly refined version of Eq.
(33) is available,? Since & is an arbitrary positive pa-
rameter, the limit @ ~0 in Eq. (34) leads to the optimum

form of Eq., (34):

p < 2 . (35)

2y
The bound given in Eq. (35) can be shown to be equi-
valent to the bound formula Eq. (24) in the limit » -0,
We note in passing that the Hoffmann-Ostenhof’s? also
gave a simple bound in terms of T';

1 1/2
plr) s o3 (2NT)Y?% (36)
The dependence of the bound on « in Eq. (32) is suf-
ficiently simple, that an optimum a can be stated. Ex-
amination of the derivative of the right-hand side of Eq.
(32) with respect to a yields two stationary values. The
first, a =0, leads to the bound given in Eq, (35). The
second occurs when

1 4T
2 - -_—
=3 (N(er;’l@) 1) . (37)
If a? is positive, and we set
~2
5= NPT ’ (38)
4T
then Eq. (32) becomes
.1_ 1/2
pr) s oy [(2 - 5)6) (39)
and
0<5<2. (40)

Equation (39) is a superior bound to Eq, (35) if the square
root factor in Eq. (39) is less than 1, which is in fact
the case for all § satisfying Eq. (40) except 6= 1.

D. Case 4: f=k, g=k,+[k,plp+1)/x?]

For this case, where p is a positive constant, we em-
ploy the y(») given in Eq. (10). From Eq. (1), and the
expression for M(») (see Appendix D for details) we find
the following bound:

2461
p(r < Ie‘““)(al;r)fa“ (z)("”’)
x[2T + N{a?+ p(p + D¥ |r*| )] . (41)

If we employ the inequality [Eq. (33)], Eq. (41) canbe
expressed as

p(,,)slmn)(a?’z:mz)(dr) [Na?+ 2T(2p+ 1] .
(42)

The Bessel functions have analytic expressions [see
Eqs. (D5) and (D6)] when p is an integer.

V. NUMERICAL INVEST!IGATION OF BOUNDS

To test the quality of the bounds indicated in Sec,
IV, i.e., Eqs. (24), (27), (29), (35), (36), (39), (41),
and (42), we have evaluated each bound using the elec-
tronic density functions of Benesch® which have been
derived from the 20 term Hylleraas type wave func-
tions of Hart and Herzberg.%! Figures 1-6 show the
results for the atoms H-, He, and Mg!®*, For the dif-
ferent bounds, the optimum a was determined iteratively
for each value of the radial distance, Atomic units are
employed in all figures,

Because of the form of the bounds, a simple analytic
comparison at finite » is not possible, since the optimum
« cannot be determined analytically. However, for the
limit - 0 a comparison can be made. This has already
been discussed for case 1 and case 3. For case 2 it may
also be shown that the limit »~ 0 in Eq. (27) yields Eq.
(35). For case 4, the limit -0 in Eq, (41) for the case
p =1 leads to the result

p(r) < Elﬁ (T+ NQ® | {2 |®) (43)

which is a better result than Eq, (35) if
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FIG. 1. Bounds for the electronic density for helium. The

solid line represents the “exact” electronic density calculated
from Benesch’s density function. The letter designations are:
A is Eq. (24), B is Eq. (27), C is Eq. (29), D is Eq. (35), E
is Eq. (41), F is Eq. (42), and G is Eq. (36). Equation (29)
is not presented since it coincides very closely with Eq. (27).
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FIG. 2. Bounds for the electronic density for helium in the
near nuclear region. The solid line represents the “exact” den-
sity. See the caption for Fig. 1 for the correspondence be-
tween equation numbers in the text and the letter designations.
The bounds given by Egs. (27), (29), and Eq. (35) are not
presented on the graph, since they coincide very closely with
the results from Eq. (24). Equations (36) and (42) are off the
plot with the given scale.

N{w |t

) -2T<0, (44)

For the species shown in Figs. 1-6, the condition (44)
is not satisfied. Also, o’ in Eq. (37) is not positive

for H-, He, and Mg!®*. From the preceding comments,
it is therefore expected that the bounds given for case

1, case 2, and case 3 [Egs. (24), (27), and (32)] all con-
verge to the same limit as »~ 0., This is observed in
the figures. The bound given in Eq, (41) for the case
p=1, and consequently that given by Eq. (42) {also for
p=1) are observed to be less satisfactory.
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o
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FIG. 3. Bounds for the electronic density for H". The solid
line represents the exact density. See the caption for Fig. 1
for the correspondence between equation numbers in the text
and the letter designations, Equation (29) is not presented
since it corresponds very closely with Eq. (27).
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FIG. 4. Bounds for the electronic density for H- in the near
nuclear region. The solid line represents the exact density.
See the caption for Fig. 1 for the correspondence between
equation numbers in the text and the letter designations. The
bounds given by Egs. (27), (29), and (35) are not presented,
since they coincide very closely with the resuit from Eq. (24).
Equation (36) is off the plot with the given scale.

VI. DISCUSSION AND CONCLUSION

The obvious shortcoming of the bounds discussed in
Sec. IV is that, in the near nuclear region, each bound
diverges as r~ 0. This problem is presently under
investigation, The problem is directly connected to the
condition given by Eq. (9). The bounds considered in
this work must therefore be restricted to » values away
from the nucleus,

For the numerical studies discussed in Sec. V, Eq.

o
+ -
- 1
20|
< &1 {',
> < |l
SRl
2. M
e |h
Qo] lll\
1
&i [=) \“\
5> 1 |y
ERB R
o o
[l
O -
w
e
B I U
o T TTmmmm—
07 51 . ! 'S5 3. .0
RADIAL DISTANCE (A.U.)
FIG. 5. Bounds for the electronic density for Mg'®, The

solid line represents the exact densgity. See the caption for
Fig. 1 for the correspondence between equation numbers in the
text and the letter designations. Equation (29) coincides very
closely with Eq. (27) and Eq. (36) coincides with Eq. (24).
Neither has been plotted.
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FIG. 6. Bounds for the electronic density for Mg!® in the near

nuclear region. The exact density is represented by the solid
line. Letter designations are explained in the caption to Fig.
1. Equation (29) has not been plotted because it coincides very
closely with Eq. (35).

(24) is the best bound for most values of . All of the
bounds derived herein also apply to the Hartree—Fock
electronic density. We have invested these bounds for
some larger atomic systems using Hartree-Fock den-
sities.® In some cases, the bound given in Eq. (39) is
superior to the other bounds at small », In addition,
the bound given in Eq. (27) is the best bound for other
values of » near the nucleus. Clearly, there is not a
simple answer to the question of which bound for p(y) is
best.

There is one final point to note, The bounds derived
in this study have been based on a rather limited selec-
tion of choices for the functions f and g. It may be the
case that a more judicious choice for these functions
will lead to improved bounds for p(»). Studies in this
direction would be of interest,
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APPENDIX A

In this appendix, the general expression for () [Eq.
(2)] for the case f(x) >0 and y(a) = y(b) = 0 is derived.
Using Eq. (8), 9 is given by

() = A1(t) w1(t) + Az(t)wz(t) +f(b)A3(t)A4(t)

~fl@A (DA (D) . (A1)
The two constraints (ii) and (iv) yield
A(Dwy (D) + A (D () = Ag(Duws(H) ~ A (Dwy (D=0, (A2)
Ai(t)wi(t)' +A2(t)u/2(t)’ —A3(t)W3(t)l —A4(t)w4(t)’
=1/f(1) . (A3)

2463

The minimum of M(#) with respect to variation of the
A,(9, subject to the constraints Eqs. (A2) and (A3), is
found from the function

F(8) = () + \ [A (Dwy () + Ax(Dwy(d) = Ag(Dwy(2)
-A(Dw ()] + Az[Al(t)wl(t)' + Ag(Dwy () = Az()ws(2)

1
™~ e —
(7, and X, are Lagrange multipliers) by setting 8 F(¢)/
94,() =0, i=1,4, Solving the resulting set of four
equations together with Eqs. (A2) and (A3) leads to the
general result

an(t) = A (Duwy (8) + Ay(Dwy(B) - Ay (DA, (D) fla)

- y;{usf()t) (A1(y 1 + Ay HA (D] wy () + wy(BDy1/y5)]
+ Ay(D) [wo(8) + ws(Dya/y )]} (A5)

where
Ay(D) = [wi(Dlygys —vave) + yilyawys(D) —y5w(D)] /T, (A6)

Ay() = [w(Dlyrys —vwve) +yilyswy(d) —y,wis(D)]/T . (AT)

The gamma factors are defined by

y1= wy(B)[ w3, () f (@) + wi, (A £ (B)] , (A8)
2 = wy(8) [wiy(8) £ (B) + ws(8) £ (a)] (A9)
vs = 2wy wy () £ (B) , (A10)
va = wywy () fla) , (A11)
ys = — wywyy(t) fla) , (A12)
v = — wylt)wyy(8) £ (D) , (A13)
y1=f(Dw(hwy(wy,(8) , (A14)
T=f() [wis(Dlyars =v1vs) + waDlysyg —vave)

+ wiglygys —vave)l . (A15)
w,; denotes the Wronskian o/, w; — w, w] .
APPENDIX B

For the case f=k;, g= k!, Eq. (3) becomes
2w’ - alxw=0, (B1)

a is defined in Eq. (13). Equation (B1) is a special
case of the generalized Bessel differential equation.
The solution is (in terms of arbitrary coefficients
¢; and ¢y, which are functions of 7)

wlx,7r) = 212 [y I, (2ax'®) + ;K (2ax')], O0<x<r,

(B2)

where I; and K, are modified Bessel functions of the
first and second kind, A similar solution on the interval
¥ <x < exists with ¢, and c, replaced by constants c;
and ¢;, respectively.

Because of the asymptotic behavior
L(z2)~e* /2?2 ag z~w ,

we require ¢3= 0,

(B3)
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Employing the conditions (ii) and (iii) in Sec. II and
ensuring the term f(a)w(a)’ w(a) in Eq. (2) is well be-
haved as a -0, is sufficient to determine the coefficients
c1> €3, ¢;. The function w(x, ) is then determined to be

2 1/2
wlx, r) = ﬁ%—-J!(Zax“z)Kl(Zar“z) , 0sx<r,
(B4)
2 1/2
w(x,»r) = (’CYT?. I,(2o¢'r“2)K1(2ax”z) , ¥<x<eo, (B5)

Using Eq. (2) and the limit x - 7 in either Eq. (B4) or
(B5), leads to the expression for 9(») given in Eq. (26).
The two factors involving f in Eq. (2) vanish in the limits
a—-0, b—o,

APPENDIX C

The differential equation to be solved for the case
f=kitl, g=kyis

2

2w + 2xw’ —atw=0, (c1)

The solutions of Eq, (C1) are elementary and take the
form

wlx, 7Y = e+ epx"t, O<x<7y, (C2)
wlx, )= cex" '+ et , r<x<ew,
where my= =1 + (+ o®'/? and my= =% = (L + a2,

If we examine the conditions x—~ 0 and x —~«, then ¢, =0
and ¢3= 0. The limit x —» leads to the result

= C{V‘m‘-mz . (C3)

To ensure that condition (iv) [Eq. (5)] is satisfied, we
require that () vanish as b - in such a manner that
f(B)2w(b) w(b) is zero. From Eqs. (C2) and (C3),

cymgy™im
e Ay
wix, 7) = A/uit/teal) .

Using Eq. (C4), we see that £(b)w(b) w(b)~0 as b—0,

It is also clear that f(a)w(a)’ w(a) - 0 as a~ 0, so that
Eq. (5) is satisfied. The remaining coefficient can be
determined from condition (iii) [Eq. (4)], with the resuit
that

(c4

1

= e1+ 4T (C5)
Hence, Eq. (2) becomes
xmlr-i-mi
= € x<
wlx, 7) Wi+ 32D , O0<x<r, (Ce)
my -1-mg
_xcr
wlx,r) = (1T da) , r<x<ew, cn
The function M (#) is thus determined to be
1
il corpw s v4 8
M) = i 4D ()
APPENDIX D
The differential equation arising from the choice
=k
g= kot k (1;+ ) (positive p) (D1)
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is
(D2)
The

2wt [ plp+ 1) + ¥ w=0,

which is a modified Bessel differential equation.
solution of the differential equation is

Osx<r,
(D3)
wlx, V) = %' *eady (v (ax) + ¢ Ky ym (ax)], 7<x <,
(D9
The solutions hold for general p (integer or noninteger
values), however, if p is restricted to integer values,
the Bessel functions can be expressed analytically using

wl(x,7) = x /2[011».<1/z) (ax) + ¢y Ky.1/2) (ax)] ’

33

B 7 1/2 " (p+k)l
Kwu/z)(x)‘(zg) ¢ g Rl(p -5 1(2%)* ’

(p+ k)1
Lyvr s (0)= WZ Bl(p - k) (2x)

(D5)

[(-0*e* - (-1)%.
(D6)

Since I, .1z (ax)~e**/[(2nax)*!/?) as x ~ =, we set the

coefficient ¢3= 0. The limit x— 0 indicates the choice

¢y = 0, based on the behavior of K,.( /s (x) as x~ 0. Equa-

tions (D3) and (D4) simplify to

o))
(D8)

wlx,7) = 2 g (ax) ey, O0<x<r,

r<xy<e ,

wlx, 7) = 2" Kyuix mr(@x) ca

The coefficients ¢; and ¢, can be determined by examina-
tion of the limit x—# in Eqs. (D7) and (D8) which yields

_ culpisaar) (DY)
c -
Y Lyayofar)
and by imposing the condition (iii) Eq. (4). The result

for w(x,7) is

1/2
r
w(x, 7) = (_x__}e_ L (a0 Ky (ar), 0sx<r,
t
(D10)
wlx, ¥) = (x’r)k I»u/a)(m’)Kpn/z)(ax), r<x<ow .,
1
(D11)
1t is straightforward to check that
F(B)w(bY w(b) =0, as b~ow,
fla)w(a) wla)~0, asa~0. (D12)
Therefore, from Eq. (2) we find
m(r) = 7:"; Lz (an) Ky rn(ar) . (D13)
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